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Abstract
In this paper we provide a precise description of distorted plane waves for semiclassical
Schro¨dinger operators under the assumption that the classical trapped set is hyperbolic and
that a certain topological pressure (a quantity defined using thermodynamical formalism) is
negative. Distorted plane waves are generalised eigenfunctions of the Schro¨dinger operator
which differ from free plane waves, ei〈x,ξ〉/h, by an outgoing term. Under our assumptions
we show that they can be written as a convergent sum of Lagrangian states. That provides
a description of their semiclassical defect measures in the spirit of quantum ergodicity and
extends results of Guillarmou–Naud obtained for hyperbolic quotients to our setting.
1 Introduction
In this paper, we will consider on Rd a semiclassical Hamiltonian of the form
Ph = −h2∆ + V (x), V ∈ C∞c (Rd).
We will study the “distorted plane waves”, or “scattering states” associated to Ph. They are
a family of functions Eξh ∈ C∞(Rd) with parameter ξ ∈ Sd (the direction of propagation of the
incoming wave) which are generalized eigenfunctions of Ph, that is to say, they satisfy the differential
equation
(Ph − 1)Eξh = 0, (1)
but which are not in L2(Rd) (since Ph has no embedded eigenvalues in R+).
These distorted plane waves resemble the actual plane waves, in the sense that we may write
Eξh(x) = e
i
hx·ξ + Eξout, (2)
where, Eout is outgoing in the sense that it satisfies the Sommerfeld radiation condition:
lim
|x|→∞
|x|(d−1)/2
( ∂
∂|x| −
i
h
)
Eξout(x) = 0. (3)
One can show (see for instance [Mel95, §2] or [DZ16, §4]) that for any ξ ∈ Sd−1 and h > 0, there
exists a unique function Eξh satisfying conditions (1), (2) and (3).
Condition (3) may be equivalently stated by asking that Eξout is the image of a function in
C∞c (Rd) by the outgoing resolvent (Ph − (1 + i0)2)−1, or by asking that Eξout may be put in the
form
Eξout(x) = e
i|x|/h|x|− 12 (d−1)
(
aξh(ω) +O
( 1
|x|
))
,
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where ω = x/|x|. The function ah(ξ, ω) := aξh(ω) is called the scattering amplitude, and is the
integral kernel of the scattering matrix minus identity. The scattering amplitude, and hence the
distorted plane waves, are central objects in scattering theory.
The aim of this paper is to discuss the behaviour of distorted plane waves in the semiclassical
limit h→ 0. Distorted plane waves can be seen as an analogue, on manifolds of infinite volume, of
the eigenfunctions of a Schro¨dinger operator on a compact manifold. It is therefore natural to ask
questions similar to those in the compact case: what can be said about the semiclassical measures
of distorted plane waves ? About the behaviour of their Lp norms as h → 0 ? About their nodal
sets and nodal domains ?
The answer to these questions will depend in a drastic way on the properties of the underlying
classical dynamics. Let us define the classical Hamiltonian by
p(x, ξ) = |ξ|2 + V (x),
and the layer of energy 1 as
E = {ρ ∈ T ∗Rd; p(ρ) = 1}.
Note that this is a non-compact set, but its intersection with any fibre T ∗xX is compact.
We also denote, for each t ∈ R, the Hamiltonian flow generated by p by Φt : T ∗Rd −→ T ∗Rd.
For ρ ∈ E , we will say that ρ ∈ Γ± if {Φt(ρ),±t ≤ 0} is a bounded subset of T ∗Rd; that is to
say, ρ does not “go to infinity”, respectively in the past or in the future. The sets Γ± are called
respectively the outgoing and incoming tails (at energy 1).
The trapped set is defined as
K := Γ+ ∩ Γ−. (4)
It is a flow invariant set, and it is compact, because V is compactly supported.
If the trapped set is empty, then we can easily describe the distorted plane waves in the semi-
classical limit. Namely, one can show (cf. [DG14, §5.1]) that Eξh is a Lagrangian (WKB) state.
Furthermore, for any χ ∈ C∞c (Rd), the norm ‖χEξh‖L2 is bounded independently of h.
However, if the trapped set is non-empty, the distorted plane waves may not be bounded uni-
formly in L2loc as h→ 0. Actually, ‖χEξh‖L2 could grow exponentially fast as h→ 0. If we want this
quantity to remain bounded uniformly in h, we must therefore make some additional assumptions
on the classical dynamics. Let us now detail these assumptions.
Hypotheses on the classical dynamics
• Hyperbolicity assumption: In the sequel, we will suppose that the potential V is such that the
trapped set contains no fixed point, and is a hyperbolic set. We refer to section 2.1.2 for the
definition of a hyperbolic set. The potential in figure 1 is an example of such a potential.
• Topological pressure assumption: For our result on distorted plane waves to hold, we must
also make the assumption (Hypothesis 6) that the topological pressure associated to half
the logarithm of the unstable Jacobian of the flow on K is negative. The definition of the
topological pressure will be recalled in section 3.4. Hypothesis 6 roughly says that the system
is “very open”. One should note that in dimension 2, this condition is equivalent to the fact
that the Hausdorff dimension of K is strictly smaller than 2. In the three-bumps potential of
figure 1, this condition is satisfied if the three bumps are far enough from each other, but it
is not satisfied if the bumps are close to each other.
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Figure 1: An example of a potential on (R2, gflat) such that the dynamics is hyperbolic on the
trapped set in some energy range. (See [Sjo¨90, Appendix C] for details.)
• Transversality assumption: Our last assumption does not concern directly the classical dy-
namics, but the Lagrangian manifold1
Λξ := {(x, ξ), x ∈ Rd}. (5)
Note that the plane wave e
i
hx·ξ is a Lagrangian state associated with the Lagrangian manifold
Λξ.
We need to make a transversality assumption on Λξ. This assumption roughly says that the
direction ξ defining Λξ is such that the incoming tail Γ
− and Λξ intersect transversally. We
postpone the precise statement of this assumption to Hypothesis 4 in section 2.1.4. This
assumption is probably generic in ξ, although we don’t know how to prove it. In [Ing15], we
will show that it is always satisfied for every ξ, when we consider geometric scattering on a
manifold of non-positive curvature.
Statement of the results
In Theorem 5, we will give a precise description of Eξh as a sum of WKB states, under the assump-
tions above. Since the precise statement of the theorem is a bit technical, we postpone it to section
3.5, and only state two important consequences of this result.
The first one is a bound analogous to what we would get in the non-trapping case.
1By a Lagrangian manifold, we mean a d-dimensional submanifold of a 2d-dimensional symplectic manifold, on
which the symplectic form vanishes. We will allow Lagrangian manifolds to have boundaries, and to be disconnected.
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Theorem 1. Suppose that the Hypothesis 2 on hyperbolicity holds, that the topological pressure
Hypothesis 6 is satisfied, and that ξ ∈ Sd−1 is such that Λξ satisfies Hypothesis 4 of transversality.
Let χ ∈ C∞c (X). Then there exists a constant Cξ,χ independent of h such that for any h > 0,
we have
‖χEξh‖L2 ≤ Cξ,χ. (6)
Remark 1. The bound (6) could not be obtained directly from resolvent estimates. Indeed, as we
will see in section 3.3.2, the term Eout in (2) can be written as the outgoing resolvent (Ph − (1 +
i0)2)−1 applied to a term which is compactly supported, and whose L2 norm is O(h). Therefore,
we have a priori that ‖χEξh‖L2 ≤ O(h)‖χ(Ph − (1 + i0)2)−1χ‖L2→L2 , as least if the support of χ
is large enough. But under hypotheses 2 and 6, it is known since [NZ09] (see Theorem 4) that
‖χ(Ph − (1 + i0)2)−1χ‖L2→L2 ≤ C | log h|h , and such estimates are sharp in the presence of trapping
(see [BBR10].) Such a priori estimates would therefore only give ‖χEξh‖L2 ≤ C| log h|.
Our next result concerns the semiclassical measure of Eξh. Consider on T
∗Rd the measure µξ0
given by
dµξ0(x, v) = dxδv=ξ.
The measure µξ0 is the semiclassical measure associated to e
i
hx·ξ, in the sense that for any ψ ∈
C∞c (T
∗Rd) and any χ ∈ C∞c (Rd), we have
lim
h→0
〈Oph(ψ)χe ihx·ξ, χe ihx·ξ〉 =
∫
T∗Rd
χ2(x)ψ(x, v)dµξ0(x, v)
For the definition and properties of the Weyl quantization Oph, we refer the reader to section 3.1.1.
We then define a measure µξ on T ∗Rd by∫
T∗Rd
adµξ := lim
t→∞
∫
T∗Rd
a ◦ Φtdµξ0,
for any a ∈ C0c (T ∗Rd).
We will show in section 6.3 that this limit exists under our above assumptions. Actually, the
proof will not use the hypothesis 6 that the topological pressure of half the unstable jacobian is
negative, but the much weaker assumption that the topological pressure of the unstable jacobian is
negative.
The following theorem tells us that, under our hypotheses, µξ is the semiclassical measure
associated to Eξh, and it gives us a precise description of µ
ξ close to the trapped set.
Theorem 2. Suppose that the Hypothesis 2 on hyperbolicity holds, that the topological pressure
Hypothesis 6 is satisfied, and that ξ ∈ Sd−1 is such that Λξ satisfies Hypothesis 4 of transversality.
Then for any ψ ∈ C∞c (T ∗Rd) and any χ ∈ C∞c (Rd), we have
〈Oph(ψ)χEξh, χEξh〉 =
∫
T∗Rd
ψ(x, v)dµξ(x, v) +O(hc),
Furthermore, for any ρ ∈ K, there exists a small neighbourhood Uρ ⊂ T ∗Rd of ρ, and a local
change of symplectic coordinates κρ : Uρ → T ∗Rd with κρ(ρ) = 0 such that the following holds.
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There exists a constant c > 0 and two sequences of functions fn, φn ∈ C∞c (Rd) for n ∈ N, such that
for any (y, η) ∈ κρ(Uρ), we have
dµξ(κ−1ρ (y, η)) =
∞∑
n=0
fn(y)δ{η=∂φn(y)}dy,
and where the functions fn satisfy ∞∑
n=0
‖fn‖C0 <∞. (7)
Remark 2. Theorem 2 tells us that the distorted plane waves Eξh have a unique semiclassical
measure. This result is therefore analogous to the Quantum Unique Ergodicity conjecture for eigen-
functions of the Laplace-Beltrami operator on manifolds of negative curvature. However, on compact
manifolds of negative curvature, the semiclassical measure we expect is the Liouville measure. Here,
the semiclassical measure given by Theorem 2 is very different from the Liouville measure, since,
close to the trapped set, it is concentrated on a countable union of Lagrangian sub-manifolds of
T ∗X. There is therefore a deep difference between compact and non-compat manifolds concerning
the semiclassical measure of eigenfunctions, a fact which was already noted in [GN14].
Idea of proof
Theorems 2 and 1 will be deduced from a precise description of the distorted plane waves Eξh
microlocally near the trapped set. In Theorem 5, we will show that, microlocally near the trapped
set, Eξh can be written as a convergent sum of WKB states. Let us now explain how this result is
obtained.
By definition, the distorted plane waves Eξh are generalized eigenfunctions of the operator Ph.
Therefore, if we write U(t) = e−
i
hPh for the Schro¨dinger propagator associated to Ph, we would
like to write formally that U(t)Eξh = e
−it/hEξh. Of course, this expression can only be formal, since
Eξh /∈ L2, but we will give it a precise meaning by truncating it by some cut-off functions.
By equation (2), Eξh may decomposed into two terms, which we will write E
0
h and E
1
h in the
sequel. E0h is a Lagrangian state associated to the Lagrangian manifold Λξ, while E
1
h is the image
of a smooth compactly supported function by the resolvent (Ph − (1 + i0)2)−1.
Using some resolvent estimates and hyperbolic dispersion estimates, we will show in the sequel
that, for any compactly supported function χ, we have lim
t→∞ ‖χU(t)E
1
h‖ = 0.
Therefore, in order to describe Eξh, we only have to study U(t)E
0
h for some very long times.
Since E0h is a Lagrangian state, its evolution can be described using the WKB method. To do this,
we will have to understand the classical evolution of the Lagrangian manifold Λξ for large times.
We will show that for any t > 0, the restriction of Φt(Λξ) to a region close to the trapped set
consists of finitely many Lagrangian manifolds, most of which are very close to the “outgoing tail”
of the trapped set (see Theorem 3 for more details).
Relation to other works
The study of the high frequency behaviour of eigenfunctions of Schro¨dinger operators, and of their
semiclassical measures, in the case where the associated classical dynamics has a chaotic behaviour,
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has a long story. It goes back to the classical works [Shn74],[Zel87] and [CDV85] dealing with
Quantum Ergodicity on compact manifolds.
Analogous results on manifolds of infinite volume are much more recent. In [DG14], the authors
studied the semiclassical measures associated to distorted plane waves in a very general framework,
with very mild assumptions on the classical dynamics. The counterpart of this generality is that
the authors have to average on directions ξ and on an energy interval of size h to be able to define
the semiclassical measure of distorted plane waves. Their result can be seen as a form of Quantum
Ergodicity result on non-compact manifolds, although no “ergodicity” assumption is made.
In [GN14], the authors considered the case where X = Γ\Hd is a manifold of infinite volume,
with sectional curvature constant equal to −1 (convex co-compact hyperbolic manifold), and with
the assumption that the Hausdorff dimension of the limit set of Γ is smaller that (d− 1)/2. In this
setting, distorted plane waves are often called Eisenstein series. The authors prove that there is
a unique semiclassical measure for the Eisenstein series with a given incoming direction, and they
give a very explicit formula for it. This result can hence be seen as a Quantum Unique Ergodicity
result in infinite volume.
Our result is a generalization of those of [GN14]. Indeed, we also obtain a unique semiclassical
measure for the distorted plane waves with a given incoming direction. Our assumption on the
topological pressure is a natural generalization of the assumption on the Hausdorff dimension of
the limit set of Γ to the case of nonconstant curvature. As in [GN14], the main ingredient of the
proof is a decomposition of the distorted plane waves as a sum of WKB states. Although our
description of the distorted plane waves and of their semiclassical measure is slightly less explicit
than that of [GN14], our methods are much more versatile, since they rely on the properties of the
Hamiltonian flow close to the trapped set, instead of relying on the global quotient structure.
In [Dya11], the author was able to obtain semiclassical convergence of distorted plane waves on
manifolds of finite volume (with cusps), by working at complex energies; see also [Bon14] for more
precise results. The main argument of [Dya11], [Bon14] and of [DG14], which is to describe the
distorted plane waves as plane waves propagated during a long time by the Schro¨dinger flow, is the
starting point of our proof. However, the reason of the convergence in the long-time limit is very
different in [Dya11] and [Bon14], [DG14] and in the present paper.
Many of the tools used in this paper were inspired by [NZ09]. We will use the notations and
methods of this paper a lot.
Let us notice that most of the results of the present paper can be made more precise if we
suppose that we work on a manifold of non-positive sectional curvature, without a potential. This
has been studied in [Ing15], where the author is able to show, by using the methods developed
in the present paper, that distorted plane waves are bounded in L∞loc independently of h, and to
give sharp bounds on the Hausdorff measure of nodal sets of the real part of distorted plane waves
restricted to a compact set.
Organisation of the paper
In section 2, we will state and prove a result concerning the propagation by the Hamiltonian flow of
Lagrangian manifolds similar to Λξ near the trapped set, under general assumptions. In part 3, we
will state Theorem 5, which is our main theorem, giving a description of distorted plane waves as
a sum of WKB states. We will deduce Theorem 1 as an easy corollary. In section 4, we will recall
various tools which were introduced in [NZ09], and which will play a role in the proof of Theorem 5.
We shall then prove Theorem 5 in section 5. Section 6 will be devoted to the proof of the Theorem
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2.
The main reason why we want to state Theorem 5 for generalized eigenfunctions that are
more general than distorted plane waves on Rd is that our results do also apply if the manifold is
hyperbolic near infinity (which allows us to recover some of the results of [GN14]), as is shown in
[Ing15, Appendix B]. Our results do probably also apply if the manifold is asymptotically hyperbolic;
this shall be pursued elsewhere.
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2 Propagation of Lagrangian manifolds
2.1 General assumptions for propagation of Lagrangian manifolds
Let (X, g) be a noncompact complete Riemannian manifold of dimension d, and let V : X −→ R
be a smooth compactly supported potential.
We denote by p(x, ξ) = p(ρ) : T ∗X −→ R, p(x, ξ) = ‖ξ‖2 + V (x) the classical Hamiltonian.
For each t ∈ R, we denote by Φt : T ∗X −→ T ∗X the Hamiltonian flow at time t for the
Hamiltonian p.
Given any smooth function f : X −→ R, it may be lifted to a function f : T ∗X −→ R, which
we denote by the same letter. We may then define f˙ , f¨ ∈ C∞(T ∗X) to be the derivatives of f with
respect to the Hamiltonian flow.
f˙(x, ξ) :=
df(Φt(x, ξ))
dt
∣∣
t=0
, f¨(x, ξ) :=
d2f(Φt(x, ξ))
dt2
∣∣
t=0
.
2.1.1 Hypotheses near infinity
We suppose the following conditions are fulfilled.
Hypothesis 1 (Structure of X near infinity). We suppose that the manifold (X, g) is such that the
following holds:
(1) There exists a compactification X of X, that is, a compact manifold with boundaries X such
that X is diffeomorphic to the interior of X. The boundary ∂X is called the boundary at infinity.
(2) There exists a boundary defining function b on X, that is, a smooth function b : X −→ [0,∞)
such that b > 0 on X, and b vanishes to first order on ∂X.
(3) There exists a constant 0 > 0 such that for any point (x, ξ) ∈ E,
if b(x, ξ) ≤ 0 and b˙(x, ξ) = 0 then b¨(x, ξ) < 0.
Note that, although part (3) of the hypothesis makes reference to the Hamiltonian flow, it is
only an assumption on the manifold (X, g) and not on the potential V , because V is assumed to
be compactly supported.
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Example 1. Rd fulfils the Hypothesis 1, by taking the boundary defining function b(x) = (1 +
|x|2)−1/2. We then have X ≡ B(0, 1).
Example 2. The Poincare´ space Hd also fulfils the Hypothesis 1. Indeed, in the ball model B0(1) =
{x ∈ Rd; |x| < 1}, where | · | denotes the Euclidean norm, then Hd compactifies to the close unit
ball, and the boundary defining function b(x) = 2 1−|x|1+|x| fulfills conditions (2) and (3).
We will write X0 := {x ∈ X; b(x) ≥ 0/2} By possibly taking 0 smaller, we can assume that
supp(V ) ⊂ {x ∈ X; b(x) > 0}. We will call X0 the interaction region. We will also write
W0 := T
∗(X\X0) = {ρ ∈ T ∗X; b(ρ) < 0/2}, W0 = W0 ∩ E . (8)
By possibly taking 0 even smaller, we may ask that
∀ρ ∈ W0, b(Φ1(ρ)) < 0. (9)
Definition 1. If ρ = (x, ξ) ∈ E, we say that ρ escapes directly in the forward direction, denoted
ρ ∈ DE+, if b(x) < 0/2 and b˙(x, ξ) ≤ 0.
If ρ = (x, ξ) ∈ E, we say that ρ escapes directly in the backward direction, denoted ρ ∈ DE−, if
b(x) < 0/2 and b˙(x, ξ) ≥ 0.
Note that we have
W0 = DE− ∪ DE+.
Part (3) of Hypothesis 1 implies the following geodesic convexity result, which reflects the fact
that once a trajectory has left the interaction region, it cannot come back to it.
Lemma 1. For any t ≥ 0, we have
Φt(E ∩ T ∗X0) ∩ DE− = ∅.
Proof. Suppose that there exists a ρ ∈ Φt(E ∩ T ∗X0) ∩ DE− for some t ≥ 0. Then there exists
ρ′ ∈ E ∩ T ∗X0 such that ρ = Φt(ρ′). Let us consider f(s) := b(Φs(ρ′)). We have f(0) > 0/2,
f(t) < 0/2 and f
′(t) ≥ 0 by hypothesis. This is impossible, because by Hypothesis 1, point (3),
whenever f(s) ≤ 0 and f ′(s) = 0, we have f ′′(s) < 0.
2.1.2 Hyperbolicity
Recall that the trapped set was defined in (4). In the sequel, we will always suppose that the trapped
set is a hyperbloc set, as follows.
Hypothesis 2 (Hyperbolicity of the trapped set). We assume that K is a hyperbolic set for the
flow Φt|E . That is to say, there exists a metric gad on a neighbourhood of K included in E, and
λ > 0, such that the following holds. For each ρ ∈ K, there is a decomposition
TρE = RHp(ρ)⊕ E+ρ ⊕ E−ρ
such that
‖dΦtρ(v)‖gad ≤ e−λ|t|‖v‖gad for all v ∈ E∓ρ ,±t ≥ 0.
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Figure 2: A surface which has negative curvature close to the trapped set of the geodesic flow, and
which is isometric to two copies of R2\B(0, R0) outside of a compact set. It satisfies Hypothesis 2
near the trapped set and Hypothesis 1 at infinity.
We will call E± the unstable (resp. stable) subspaces at the point ρ.
We may extend gad to a metric on the whole energy layer, so that outside of the interaction
region, it coincides with the metric on T ∗X induced from the Riemannian metric on X. From now
on, d will denote the Riemannian distance associated to this metric on E .
Let us recall a few properties of hyperbolic dynamics (see [KH95, Chapter 6] for the proofs of
the statements).
i) The hyperbolic set is structurally stable, in the following sense. For E > 0, define the layer of
energy E
EE := {ρ ∈ T ∗X; p(ρ) = E}, (10)
and the trapped set at energy E as
KE := {ρ ∈ EE and Φt(ρ) remains in a compact set for all t ∈ R}. (11)
If K is a hyperbolic set for Φt|E, then
∃δ > 0,∀E ∈ (1− δ, 1 + δ), KE is a hyperbolic set for Φt|EE . (12)
ii) dΦtρ(E
±
ρ ) = E
±
Φt(ρ)
iii) K 3 ρ 7→ E±ρ ⊂ Tρ(E) is Ho¨lder-continuous
iv) Any ρ ∈ K admits local strongly (un)stable manifolds W±loc(ρ) tangent to E±ρ , defined by
W±loc(ρ) = {ρ′ ∈ E ; d(Φt(ρ),Φt(ρ′)) <  for all ± t ≤ 0 and limt→∓∞ d(Φ
t(ρ′),Φt(ρ)) = 0},
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where  > 0 is some small number.
We call
E+0ρ := E
+
ρ ⊕ RHp(ρ), E−0ρ := E−ρ ⊕ RHp(ρ),
the weak unstable and weak stable subspaces at the point ρ respectively.
2.1.3 Adapted coordinates
Let us now describe the construction of a local system of coordinates which is adapted to the stable
and unstable directions near a point. In the sequel, these coordinates will be considered as fixed,
and used to state Theorem 3.
Lemma 2. Let ρ ∈ K. There exists an adapted system of symplectic coordinates (yρ, ηρ) on a
neighbourhood of ρ in T ∗X such that the following holds:
(i) ρ ≡ (0, 0)
(ii) E+ρ = span{
∂
∂yρi
(ρ), i = 2, ..., d},
(iii) E−ρ = span{
∂
∂ηρi
(ρ), i = 2, ..., d},
(iv) ηρ1 = p− 1 is the energy coordinate,
(v)
〈 ∂
∂yρi
(ρ),
∂
∂yρj
(ρ)
〉
gad(ρ)
= δi,j , i, j = 2, ..., d.
Proof. We may identify a neighbourhood of ρ ∈ T ∗X with a neighbourhood of (0, 0) ∈ T ∗Rd. Let
us take eρ1 = Hp(ρ), and complete it into a basis (e
ρ
1, ..., e
ρ
d) of E
+0
ρ such that 〈eρi , eρj 〉gad(ρ) = 1 for
2 ≤ i, j ≤ d.
Since E±0 are Lagragian subspaces (which follows from the hyperbolicity assumption), it is then
possible to find vectors (fρ1 , ..., f
ρ
d ) such that E
−
ρ = span{fρ2 , ..., fρd } and such that ω(fρj , eρk) = δj,k
for any 1 ≤ j, k ≤ d. In particular, we have ω(fρ1 , eρ1) = dp(f1) = 1.
From Darboux’s theorem, there exists a non-linear symplectic chart (y[, η[) near the origin such
that η[1 = p − 1. There also exists a linear symplectic transformation A such that the coordinates
(y, η) = A(y[, η[) satisfy η1 = η
[
1. as well as
η1 = p− 1, ∂
∂yj
(0, 0) = ej and
∂
∂ηj
(0, 0) = fj , j = 1, ..., d.
We will often write
yρ := (yρ2 , ..., y
ρ
d) and η
ρ := (ηρ2 , ..., η
ρ
d). (13)
For any  > 0, write D = {u ∈ Rd−1, |u| < }. We define the following polydisk centred at ρ:
Uρ() ≡ {(yρ, ηρ) : |yρ1 | < , |ηρ1 | < δ,yρ ∈ D,η ∈ D}, (14)
where δ comes from (12).
We also define unstable Lagrangian manifolds, which are needed in the statement of Theorem 3.
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Definition 2. Let Λ ⊂ E be an isoenergetic Lagrangian manifold (not necessarily connected) in-
cluded in a small neighbourhood W of a point ρ ∈ K, and let γ > 0. We will say that Λ is a
γ-unstable Lagrangian manifold (or that Λ is in the γ-unstable cone) in the coordinates (yρ, ηρ) if
it can be written in the form
Λ = {(yρ; 0, F (yρ)); yρ ∈ D},
where D ⊂ Rd, is an open subset with finitely many connected components, and with piecewise
smooth boundary, and F : Rd −→ Rd−1 is a smooth function with ‖dF‖C0 ≤ γ.
Note that, since F is defined on Rd, a γ-unstable manifold may always be seen as a submanifold
of a connected γ-unstable Lagrangian manifold.
Let us also note that, since Λ is isoenergetic and is Lagrangian, an immediate computation
shows that F does not depend on yρ1 , so that Λ can actually be put in the form
Λ = {(yρ, 0, f(yρ)); yρ ∈ D},
where f : Rd−1 −→ Rd−1 is a smooth function with ‖df‖C0 ≤ γ.
2.1.4 Hypotheses on the incoming Lagrangian manifold
Let us consider an isoenergetic Lagrangian manifold L0 ⊂ E of the form
L0 := {(x, ϕ(x)), x ∈ X1},
where X1 is a closed subset of X\X0 with finitely many connected components and piecewise
smooth boundary, and ϕ : X2 3 x −→ ϕ(x) ∈ T ∗xX is a smooth co-vector field defined on some
neighbourhood X2 of X1.
We make the following additional hypothesis on L0:
Hypothesis 3 (Invariance hypothesis). We suppose that L0 satisfies the following invariance hy-
potheses.
∀t ≥ 0,Φt(L0) ∩ DE− = L0 ∩ DE−. (15)
Example 3. Given a ξ ∈ Rd with |ξ|2 = 1, the Lagrangian manifold Λξ defined in the introduction
fulfils Hypothesis 3.
Example 4. Suppose that (X\X0, g) ∼= (Rd\B(0, R), gEucl) for some R > 0. Then the incoming
spherical Lagrangian, defined by
Λsph := {(x,− x|x| ); |x| > R},
fulfils Hypothesis 3.
We also make the following transversality assumption on the Lagrangian manifold L0. It roughly
says that L0 intersects the stable manifold transversally.
Hypothesis 4 (Transversality hypothesis). We suppose that L0 is such that, for any ρ ∈ K, for
any ρ′ ∈ L0, for any t ≥ 0, we have
Φt(ρ′) ∈W−loc(ρ) =⇒W−loc(ρ) and Φt(L0) intersect transversally at Φt(ρ′),
that is to say
TΦt(ρ′)L0 ⊕ TΦt(ρ′)W−loc(ρ) = TΦt(ρ′)E . (16)
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Note that (16) is equivalent to TΦt(ρ′)L0 ∩ TΦt(ρ′)W−loc(ρ) = {0}.
On X = Rd, Hypothesis 4 is likely to hold for almost every ξ ∈ Sd−1, at least for a generic V . In
[Ing15], the author shows that this hypothesis is satisfied for every ξ on manifolds of non-positive
curvature which have several Euclidean ends (like the one in Figure 2), when there is no potential.
2.2 Statement of the result
Let us now state the main result of this section, which describes the “truncated evolution” of
Lagrangian manifolds.
Truncated Lagrangians Let (Wa)a∈A be a finite family of open sets in T ∗X. Let N ∈ N, and
let α = α0, α1...αN−1 ∈ AN . Let Λ be a Lagrangian manifold in T ∗X. We define the sequence of
(possibly empty) Lagrangian manifolds (Φkα(Λ))0≤k≤N by recurrence by:
Φ0α(Λ) = Λ ∩Wα0 , Φk+1α (Λ) = Wαk+1 ∩ Φ1(Φkα(Λ)).
In the sequel, we will consider families with indices in A = A1 unionsqA2 unionsq{0}. For any α ∈ AN such
that αN−1 6= 0, we will define
τ(α) := max{1 ≤ i ≤ N − 1;αi = 0} (17)
if there exists 1 ≤ i ≤ N − 1 with αi = 0, and τ(α) = 0 otherwise.
Theorem 3. Suppose that the manifold X satisfies Hypothesis 1 at infinity, that the Hamilto-
nian flow (Φt) satisfies Hypothesis 2, and that the Lagrangian manifold L0 satisfies the invariance
Hypothesis 3 as well as the transversality Hypothesis 4.
Fix γuns > 0 small enough. There exists ε0 > 0 such that the following holds. Let (Wa)a∈A1 be
any open cover of K in T ∗X of diameter < ε0, such that there exist points ρa ∈Wa ∩K, and such
that the adapted coordinates (ya, ηa) centred on ρa are well defined on Wa for every a ∈ A1. Then
we may complete this cover into (Wa)a∈A an open cover of E in T ∗X where A = A1 unionsq A2 unionsq {0}
(with W0 defined as in (8)) such that the following holds.
There exists Nuns ∈ N such that for all N ∈ N, for all α ∈ AN and all a ∈ A1, then Wa∩ΦNα (L0)
is either empty, or is a Lagrangian manifold in some unstable cone in the coordinates (ya, ηa).
Furthermore, if N − τ(α) ≥ Nuns, then Wa ∩ ΦNα (L0) is a γuns-unstable Lagrangian manifold
in the coordinates (ya, ηa).
Remark 3. For a sequence α ∈ AN , N − τ(α) corresponds to the time spent in the interaction
region. Our last statement therefore says that if a part of L0 stays in the interaction region for long
enough when propagated, then its tangents will form a small angle with the unstable direction at ρa.
Remark 4. The constant ε0 and the sets (Wa)a∈A2 depend on the Lagrangian manifold L0. If
we take a whole family of Lagrangian manifolds (Lz)z∈Z satisfying Hypothesis 3 and Hypothesis
4, then we will need some additional conditions on the whole family to be able to find a common
choice of ε0 and (Wa)a∈A2 independent of z ∈ Z. An example of such a condition will be provided
by equations (36) and (37). Note that these equations are automatically satisfied if Z is finite.
12
2.3 Proof of Theorem 3
Proof. From now on, we will fix a γuns > 0.
Let ρ0 ∈ K, and consider the system of adapted coordinates in a neighbourhood of ρ0 constructed
in section 2.1.3. Recall that the set Uρ0() was defined in (14). We define a Poincare´ section by
Σρ0 = Σρ0() = {(yρ0 , ηρ0) ∈ Uρ0(); yρ01 = ηρ01 = 0}.
Note that the spaces E±ρ0 are tangent to Σ
ρ0 , and that the coordinates (yρ0 ,ηρ0) introduced in
(13) form a symplectic chart on Σρ0 .
Actually, we will often need a non-symplectic system of coordinates built from the coordinates
(yρ, ηρ).
Before building this non-symplectic system of coordinates, let us explain why it is a crucial
ingredient of our argument. The main tool in the proof of Theorem 3 is the so-called “Inclina-
tion lemma”, which roughly says that a Lagrangian manifold which intersects the stable manifold
transversally will get more and more unstable when propagated in the future. This is a very easy
result in the case of linear hyperbolic diffeomorphisms, but we must add some quantifiers in the
case of non-linear dynamics to make it rigorous. Namely, one can say, as in [NZ09, Proposition 5.1],
that given a γ > 0, there exists γ > 0 such that if Λ is a γ-unstable Lagrangian manifold included
in some Uρ(γ), then for any ρ
′, Φ1(Λ) ∩ Uρ′(γ) is still γ-unstable.
However, we may not use this result directly for the following reason. The smaller we take
, the longer the points of the Lagrangian manifold L0 may spend in the part of the interaction
region which is not affected by the hyperbolic dynamics before entering in some Uρ() for some
ρ ∈ K. Yet the longer they spend in this “intermediate” region, the more stable the Lagrangian
manifold may a priori become. To avoid such a circular reasoning, we should introduce another
system of coordinates, in which the description of the propagation of the Lagrangian manifolds in
the intermediate region is easier.
2.3.1 Alternative coordinates
In this paragraph, we will describe a system of “alternative”, or “twisted” coordinates built from
the one we introduced in section 2.1.3, but which may differ slightly from them.
Given a ρ ∈ K, we introduce a system of smooth coordinates (y˜ρ, η˜ρ) as follows.
On Σρ, these coordinates are such that
W 0+loc (ρ) ∩ Σρ ≡ {(y˜ρ, 0); y˜ρ ∈ D},
W 0−loc (ρ) ∩ Σρ ≡ {(0, η˜ρ); η˜ρ ∈ D},
and if we denote by Lρ the map
Lρ : (y
ρ,ηρ) 7→ (y˜ρ, η˜ρ) (18)
defined in a neighbourhood of (0, 0), we have
dLρ(0, 0) = IdR2d−2 . (19)
Now, if ρˆ has straight coordinates (yρ(ρˆ), ηρ(ρˆ)), we let ρˆ′ ∈ Σρ be the point with straight
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coordinates (0,yρ(ρˆ), 0,ηρ(ρˆ)). We do then define the twisted coordinates of ρˆ by
y˜ρ1(ρˆ) = y
ρ
1(ρˆ),
η˜ρ1(ρˆ) = η
ρ
1(ρˆ),
y˜ρ(ρˆ) = y˜ρ(ρˆ′),
η˜ρ(ρˆ) = η˜ρ(ρˆ′).
Note that this system of coordinates doesn’t have to be symplectic.
We have
∂yρj
∂y˜ρ1
=
∂ηρj
∂y˜ρ1
= 0 for j = 1, ..., d− 1,
∂yρ1
∂y˜ρ1
= 1
(20)
Given a ρ ∈ K, and , ′ > 0, we define
U˜ρ(, ′) ≡ {(y˜ρ, η˜ρ) : |y˜ρ1 | < , |η˜ρ1 | < δ, y˜ρ ∈ D′ , η˜ρ ∈ D}, (21)
where δ is an energy interval on which the dynamics remains uniformly hyperbolic.
Finally, the Poincare´ section in the alternative coordinates is represented as
Σ˜ρ(, ′) := {(y˜ρ, η˜ρ) ∈ U˜ρ(, ′); y˜ρ1 = η˜ρ1 = 0}.
In the sequel, we will be working most of the time in a situation where ′ <<  (that is, with
sets much thinner in the unstable direction than in the stable direction).
The main reason why we needed to introduce alternative coordinates is that they give a simpler
expression for the Poincare´ map (see Remark 5). Let us now define this map.
2.3.2 The Poincare´ map
Let ρ0 ∈ K, and let  > 0 be small enough so that the twisted coordinates around ρ0 and Φ1(ρ0) are
well defined in some neighbourhoods U˜ρ0(, ) and U˜Φ
1(ρ0)(, ). The Poincare´ map κρ0 is defined,
for ρ ∈ Σ˜ρ0() near ρ0, by taking the intersection of the trajectory (Φs(ρ))|s−1|≤ with the section
Σ˜Φ
1(ρ0) (this intersection consists of at most one point). In the sequel, we will sometimes omit the
reference to ρ0 and simply write the Poincare´ map κ.
The map κρ0 need not be symplectic, since it is defined in the twisted coordinates which need
not be symplectic. However, if we had defined the Poincare´ map in the straight coordinates, it
would have been automatically symplectic. The linearisation of the two systems of coordinates are
identical at ρ0 by equation (19). Therefore, by using the hyperbolicity assumption, we see that the
differential of κ at ρ0 takes the form
dκ(ρ0) ≡
(
A 0
0 tA−1
)
,
and there exists
ν = e−λ < 1 (22)
such that the matrix A satisfies
‖A−1‖ ≤ ν, (23)
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where ‖ · ‖ corresponds to the matrix norm. Hence, the Poincare´ map κρ0 takes the form
κρ0(y˜
ρ0 , η˜ρ0) =
(
Ay˜ρ0 + α˜(y˜ρ0 , η˜ρ0),tA−1η˜ρ0 + β˜(y˜ρ0 , η˜ρ0)
)
, (24)
and the functions α˜ and β˜ satisfy:
α˜(0, η˜ρ0) = β˜(y˜ρ0 , 0) ≡ 0 and dα˜(0, 0) = dβ˜(0, 0) = 0. (25)
We therefore have
‖α˜‖C1(V ) ≤ C0, ‖β˜‖C1(V ) ≤ C0, (26)
for some constant C0, since κ is uniformly C
2.
Remark 5. Equation (25) is the main reason why we needed to introduce alternative coordinates,
and will play a key role in the proof of Lemma 8. If we had defined the Poincare´ map in the straight
coordinates, we wouldn’t have had α(0,ηρ0) = 0 or β(yρ0 , 0) = 0
Remark 6. By compactness of the trapped set, the constants C0 and ν may be chosen independent
of the point ρ0. We may also find a C > 1 such that, independently of ρ0 and ρ1 in K, we have
‖A‖ ≤ C. (27)
Finally, by possibly taking C0 larger, we may assume that all the second derivatives of the map Lρ
defined in (18) are bounded by C0 independently on ρ ∈ K.
2.3.3 Changes of coordinates and Lagrangian manifolds
Let us describe how a Lagrangian manifold is affected when we go from twisted coordinates to
straight coordinates centred at the same point.
Lemma 3. Suppose that a Lagrangian manifold Λ ⊂ U˜ρ(, ) may be written in the twisted coordi-
nates centred on ρ ∈ K as Λ = {(y˜ρ1 , y˜ρ; 0, F˜ (y˜ρ)); y˜ρ ∈ D˜ρ}, where D˜ρ ⊂ Rd is a small open set,
and with ‖dF˜‖C0 ≤ γ. Suppose furthermore that
C0γ < 1
Then, in the straight coordinates, Λ may be written as:
Λ = {(yρ1 ,yρ; 0, f(yρ));yρ ∈ Dρ},
with ‖df‖C0 ≤ γ(1− C0γ)−1(1 + 2C0).
Proof. To lighten the notations, we will not write the indices ρ.
Points on Λ are parametrized by the coordinate y˜. We may hence see their straight coordinates
u, s as functions of y˜.
By equations (19), (20) and Remark 6, we have
∂y
∂y˜
=
∂y
∂y˜
+
∂y
∂η˜
∂F˜ (y˜)
∂y˜
= I +R
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with ‖R‖ ≤ C0γ < 1.
Therefore, on Λ, y˜ 7→ y is invertible. We may hence write η as a function of y, and we have
∂η
∂y
=
∂y˜
∂y
[∂η
∂y˜
+
F˜ (y˜)
∂y˜
∂η
∂η˜
]
= (I +R)−1(γ(I +R′)),
with ‖R′‖ ≤ 2C0. Hence
∥∥∥∂η∂y ∥∥∥ ≤ γ(1− C0γ)−1(1 + 2C0).
That η is actually independent of y1 comes from the fact that Λ is an isoenergetic Lagrangian
manifold, and that we are working in symplectic coordinates.
Let us now describe the change between two systems of twisted coordinates. Let ρ, ρ′ ∈ K.
If they are close enough to each other, the map L : (y˜ρ, η˜ρ) 7→ (y˜ρ′ , η˜ρ′) is well defined on a set
containing both ρ and ρ′, of diameter d(ρ, ρ′).
Combining the fact that the (un)stable subspaces E±ρ are Ho¨lder continuous with respect to
ρ ∈ Kδ with some Ho¨lder exponent p > 0, and point (v) of Lemma 2, we get:
dL(0,0) = L +Rρ,ρ′ , (28)
where
‖Rρ,ρ′‖ ≤ Cdp(ρ, ρ′) for some p > 0, (29)
and where L is of the form
L =
(
Uy 0
0 Lη
)
,
for some unitary matrix Uy. Here, Lη might not be unitary, but it is invertible, and by compactness
of K, ‖Lη‖−1 may be bounded independently on ρ.
Now, by compactness, the second derivatives of L may be bounded independently of ρ and ρ′.
Therefore, for any ρ′′ in a neighbourhood of ρ, we have
dLρ′′ = dL(0,0) +Rρ′′ , (30)
with Rρ′′ ≤ C ′d(ρ, ρ′′) and C ′ independent of ρ′.
By possibly enlarging C0, we may assume that ‖Lη‖−1 ≤ C0. We may also assume that C0/2 is
larger than the constants C and C ′ appearing in the bounds on Rρ,ρ′ and Rρ′′ .
We will use the previous remarks in the form of the following lemma, which describes the effect
of a change of twisted coordinates on a Lagrangian manifold.
Lemma 4. Let ρ, ρ′ ∈ K be such that d(ρ, ρ′) < , and let Λ be a Lagrangian manifold which
may be written in the twisted coordinates centred on ρ as Λ = {(y˜ρ1 , y˜ρ; 0, F˜ ρ(y˜ρ)); y˜ρ ∈ D˜ρ}, where
D˜ρ ⊂ Rd is a small open set, and with ‖dF˜ ρ‖C0 ≤ γ < 14C0p .
Then, Λ ∩ U˜ρ′(, ) may be written in the coordinates centred at ρ′ as
Λ ∩ U˜ρ′(, ) = {(y˜ρ′1 , y˜ρ
′
; 0, F˜ ρ
′
(y˜ρ
′
)); y˜ρ
′ ∈ D˜ρ′},
where D˜ρ′ ⊂ Rd is a small open set, and with
‖dF˜ ρ′‖C0 ≤ (γ(1 + C0p) + C0p)(1− 2γC0p)−1 <∞.
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Proof. Consider points on Λ. By assumption, their η˜ρ coordinate is a function of their y˜ρ coordinate.
Therefore, using the map L, their coordinates (y˜ρ
′
, η˜ρ
′
) may be seen as functions of y˜ρ.
Let us denote by Ly and Lη the two components of L. By definition, we have
y˜ρ
′
= Ly(y˜
ρ, η˜ρ) = Ly(y˜
ρ, F˜ ρ(y˜ρ)),
where F˜ ρ(y˜ρ) satisfies
∥∥∂F˜ρ(y˜ρ)
∂y˜ρ
∥∥ ≤ γ. Therefore, we have:
∂y˜ρ
′
∂y˜ρ
=
∂Ly
∂y˜ρ
+
∂F˜ ρ(y˜ρ)
∂y˜ρ
∂Ly
∂η˜ρ
= U + R˜,
where U is unitary.
By equations (28) and (30), we have ‖R˜‖ ≤ 2γC0p < 1 by assumption. Therefore, y˜ρ 7→ y˜ρ′ is
invertible, and we have
∥∥ ∂y˜ρ
∂y˜ρ′
∥∥ ≤ (1− 2γC0p)−1. We may see η˜ρ′ as a function of y˜ρ′ , and we have
∥∥∥∂η˜ρ′
∂y˜ρ′
∥∥∥ = ∥∥∥ ∂y˜ρ
∂y˜ρ′
∂η˜ρ
′
∂y˜ρ
+
∂y˜ρ
∂y˜ρ′
∂η˜ρ
∂y˜ρ
∂η˜ρ
′
∂η˜ρ
∥∥∥
≤ (1− 2γC0p)−1(C0p + γ(1 + C0p)),
and the lemma follows.
2.3.4 Propagation for bounded times
Let us fix a ν1 ∈ (ν, 1), where ν was defined in (22). Recall that p was defined in (29) as the Ho¨lder
exponent of the stable and unstable directions. From now on, we fix an  > 0 small enough so that
ν + C0
p
ν−1 − C0p < ν1, and
C0
p
ν−1 − 2C0p <
γuns(1− ν1)
8
. (31)
(
1− (1 + ν1)γuns
1 + 2C0p)
C0
p
)−1(
γuns
(1 + ν1)(1 + C0
p)
2 + 4C0p
+ C0
p
)
<
γuns
1 + 2C0p
. (32)
This is possible because 1+ν12 < 1. We also ask that C0
p < 1/2. Note that, although condition
(32) looks horrible, it is designed to work well with Lemma 4.
Let us introduce a first decomposition of the energy layer. Recall that we defined W0 in (8)
as the external part of the energy layer. We define W1 := {ρ ∈ E\W0; d(ρ,K) < /2)} for the
part of the energy layer close to the trapped set, and W2 := {ρ ∈ E\W0; d(ρ,K) ≥ /2)} for the
intermediate region. See figure 3 for a representation of these different sets. Note that we will later
introduce a finer open cover of the energy layer, using the sets Wa appearing in the statement of
the theorem.
The following lemma tells us that the set W2 is a transient set, that is to say, points spend only
a finite time inside it.
Lemma 5. There exists N ∈ N an integer which depends on  such that ∀ρ ∈ W2, we have either
ΦN(ρ) ∈ W0 or Φ−N(ρ) ∈ W0.
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Figure 3: A representation of some of the different sets we introduce in the proof of Theorem 3,
intersected with a Poincare´ section.
Proof. This result comes from the uniform transversality of the stable and unstable manifolds
(which is a direct consequence of the compactness of K).
It gives us the existence of a d1() > 0 such that, for all ρ ∈ W2 ∪W1,
d(ρ,Γ+) + d(ρ,Γ−) ≤ 2d1 ⇒ d(ρ,K) ≤ /2.
We may therefore write
W2 = {ρ ∈ W2; d(ρ,Γ−) > d1} ∪ {ρ ∈ W2; d(ρ,Γ−) > d1}.
A point in the first set will leave the interaction region in finite time in the future, while a point in
the second set will leave it in finite time in the past. By compactness, we can find a uniform N as
the one in the statement of the lemma.
The following lemma is a consequence of the transversality assumption we made. It tells us that
when we propagate L0 during a finite time N and restrict it to a small set U˜ρ(, %) close to the
trapped set, we obtain a finite union of Lagrangian manifolds in the alternative coordinates. Here,
the size % of the set in the unstable direction depends on N , but its size  in the stable direction
does not.
Lemma 6. Let N ∈ N. There exists NN ∈ N, %˜N > 0 and γ˜N > 0 such that ∀0 < % ≤ %˜N , ∀ρ ∈ K,
∀1 ≤ t ≤ N , Φt(L0) ∩ U˜ρ(, %) can be written in the coordinates (y˜ρ, η˜ρ) as the union of at most
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NN disjoint Lagrangian manifolds, which are all γ˜N -unstable :
Φt(L0) ∩ U˜ρ(, %) ≡
l(%)⋃
l=0
Λˆl,
with l(%) ≤ NN and
Λˆl = {(y˜ρ1 , y˜ρ; 0, f l(y˜ρ)), y˜ρ ∈ D%},
for some smooth functions f l with ‖df l(y˜ρ)‖C0(D) ≤ γ˜N .
Proof. Let us consider a 1 ≤ t ≤ N . First of all, Φt being a symplectomorphism, it sends Lagrangian
manifolds to Lagrangian manifolds. The restriction of a Lagrangian manifold to a region of phase
space is a union of Lagrangian manifolds.
We now have to prove that, if we take % small enough, these Lagrangian manifolds are all γ˜N
unstable, for some γ˜N > 0 which is independent of ρ.
Let ρ ∈ K. By hypothesis, W−loc(ρ) and Φt(L0) are transverse when they intersect.
Therefore, in a small neighbourhood of the stable manifold {y˜ρ = 0}, each connected component
of Φt(L0) may be projected smoothly on the twisted unstable manifold {η˜ρ = 0}. That is to say,
there exists a % > 0 and a γ > 0 such that each connected component of Φt(L0) ∩ U˜ρ(, %) is
γ-unstable in the twisted coordinates around ρ, for some γ > 0.
Now, since the changes of coordinates between twisted coordinates are continuous, we may
use the compactness of K to find uniform constants % > 0 and γ > 0 such that each connected
component of Φt(L0)∩ U˜ρ(, %) is γ-unstable in the twisted coordinates around ρ, independently of
ρ ∈ K and 1 ≤ t ≤ N .
By compactness of U˜ρ(, %), the number of Lagrangian manifolds making up Φt(L0) ∩ U˜ρ(, %)
is finite. This concludes the proof of the lemma.
Applying this lemma to N = N + 2, we define the following constants, which we shall need
later in the proof (recall that γuns has been fixed).
(γ0, %0) := (γ˜N+2, %˜N+2) (33)
N1 :=
⌊ log(γuns/4γ0)
log
(
(1 + ν1)/2
)⌋+ 1, (34)
Nuns := N1 +N + 2,
%1 := min
( 
2γ0
, %0
)
, %2 := min
((C + C0p)−Nuns%1, δ˜Nuns) (35)
where C comes from Remark 6, and C0 comes from equation (26).
Remark 7. As explained in Lemma 5, N is the maximal time spent by a trajectory in the in-
termediate region W2. The time N1 will be the time necessary to incline a γ0-unstable Lagrangian
manifold to a γuns-unstable Lagrangian manifold, as explained in Proposition 1. As for the constant
%2, it has been chosen small enough so that at each step of the aforementioned propagation during
a time N1, the Lagrangian manifolds we consider are contained in a single coordinate chart, as
explained in Proposition 1.
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Remark 8. The constant ε0 in Theorem 3 will depend only on γ0 and %0. Therefore, the proof
of Lemma 6 tells us that if we consider a whole family of Lagrangian manifolds (Lz)z∈Z satisfying
Hypothesis 3 and Hypothesis 4, we will be able to find an ε0 > 0 uniform in z ∈ Z provided we have
the following uniform transversality condition:
∀t ∈ N, ∀ρ ∈ K,∃δ, γ > 0 such that ∀z ∈ Z, Φt(Lz) ∩ U˜ρ(, δ) is γ − unstable. (36)
Lemma 7. There exists a neighbourhood W3 of Γ− ∩W1 in E, a finite set of points (ρi)i∈I ⊂ K
and 0 < 1 < %1, such that the following holds.
(i) The sets
(
U˜i
)
i∈I :=
(
U˜ρi(, %2)
)
i∈I form an open cover of a neighbourhood of W3.
(ii) ρ ∈ [W1\W3] ∪ {ρ′ ∈ W2; d(ρ′,Γ−) > d1} =⇒ ∀t ≥ 0, d(Φt(ρ)),K) ≥ 1.
(iii) For any open set W of diameter < 1 included in W3, there exists an i ∈ I such that
W ⊂ U˜i.
Proof. The sets
(
U˜ρ(, %2)
)
ρ∈K form an open cover of a neighbourhood of (Γ
−∩W1). Let us denote
by W3 such a neighbourhood.
By compactness, we may extract from it a finite open cover
(
U˜i
)
i∈I :=
(
U˜ρi(, %2)
)
i∈I , which
still satisfies (i).
Since W3 is a neighbourhood of Γ− ∩W1, there exists a constant %′2 > 0 such that the following
holds:
∀ρ ∈ W1\W3, we have d(ρ,Γ−) > %′2.
Therefore, there exists 0 < 1 < min(%1, ) such that
ρ ∈ [W1\W3] ∪ {ρ′ ∈ W2; d(ρ′,Γ−) ≥ d1} =⇒ ∀t ≥ 0, d(Φt(ρ)),K) > 1,
which is (ii). Finally, since the set U˜i are open, we may shrink 1 so that (iii) is satisfied.
Remark 9. The constant ε0 appearing in Theorem 3 will be smaller that 1 (see Lemma 9), therefore
each of the sets (Wa)a∈A1 will be contained in some U˜i. Furthermore, we will have Wa ⊂ {ρ ∈
E ; d(ρ,K) < ε0}. Hence, a point ρ ∈
[W1\W3]∪ {ρ′ ∈ W2; d(ρ′,Γ−) ≥ d1} will not be contained in
any of the sets (Wa)a∈A1 when propagated in the future.
Lemma 6 tells us that ΦN(L0)∩ U˜i consists of finitely many γ0-unstable Lagrangian manifolds.
Our aim will now be to take a Lagrangian manifold included in a U˜i1 , to propagate it during some
time N ≥ N1, then to restrict it to a U˜i2 , for i1, i2 ∈ I. The remaining part of the Lagrangian,
which is in W1\W3, will not meet the sets (Wa)a∈A1 when propagated in the future, as explained
in Remark 9.
2.3.5 Propagation in the sets U˜i
For N ∈ N and ι = (i0i1...iN−1) ∈ IN , we define
Φι(Λ) := Φ
1(U˜iN−1 ∩ Φ1(...Φ1(U˜i0 ∩ Λ)...)).
The propagation of Lagrangian manifolds in the sets U˜i is described in the following proposition,
which is the cornerstone of the proof of Theorem 3. Recall that γuns was chosen arbitrarily at the
beginning of the proof, and that N1 was defined in (34).
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Proposition 1. Let N ≥ N1, ι = (i0i1...iN−1) ∈ IN and i ∈ I. Let Λ0 ⊂ U˜i0 be an isoenergetic
Lagrangian manifold which is γ0-unstable in the twisted coordinates centred on ρi0 . Then U˜i∩Φι(Λ)
is a Lagrangian manifold contained in U˜i, and it is
γuns
(1+2C0p)2
-unstable in the twisted coordinates
centred on ρi.
Proof. The first part of the proof consists in understanding how Φn(Λ0) behaves for n ≤ N1, in
the twisted coordinates centred on ρi0 . This is the content of the following lemma, which is an
adaptation to our context of the “Inclination lemma” (See [KH95, Theorem 6.2.8]; see also [NZ09,
Proposition 5.1] for a statement closer to our context and notations).
Lemma 8. ΦN1(Λ0) is a Lagrangian manifold, which can be written in the chart (y˜Φ
N1 (ρi0 ), η˜Φ
N1 (ρi0 ))
in the form:
ΦN1(Λ0) ≡ {(y˜Φ
N1 (ρi0 )
1 , y˜
ΦN1 (ρi0 ); 0, fN1(y˜Φ
N1 (ρi0 ))), y˜Φ
N1 (ρi0 ) ∈ DN1},
with DN1 ⊂ B(0, %1) and ‖dfN1‖C0(Dk) ≤ (1+ν1)γuns4 .
Note that ΦN1(Λ0) is a priori not contained in a single set U˜i, but the lemma states that it is
contained in the set U˜Φ
N1 (ρi0 )(, %1), where the twisted coordinates are well defined.
Proof. By assumption, Λ0 may be put in the form
Λ0 ≡ {(y˜ρi01 , y˜ρi0 ; 0, f0(y˜ρi0 )), |y˜ρi0 | < %2}, with ‖df0(y˜ρi0 )‖C0 ≤ γ0.
We will consider restrictions of the Lagrangian manifolds at intermediate times to the Poincare´
sections centred at Φk(ρi0):
Λksec := Φ
k(Λ0) ∩ ΣΦk(ρi0 )(, %0).
We have Λk+1sec = κ
k(Λksec), where κ
k := κΦk(ρi0 ),Φk+1(ρi0 ) is of the form (24). From the equation
(24) and the definition of C, we see that the maximal rate of expansion in the unstable direction is
bounded by (C +C0p). Therefore, the definition of %2 implies that for any k ≤ N1, the projection
of Λksec on the unstable direction is supported in B(0, %1).
To lighten the notations, we will write y˜k and η˜k instead of y˜Φ
k(ρi0 ) and η˜Φ
k(ρi0 ).
Let k ≥ 0, and suppose we may write
Λksec ≡ {(y˜k, fk(y˜k)); y˜k ∈ Dk},
where Dk ⊂ B(0, %1), and ‖dfk‖C0 ≤ γk for some 0 < γk ≤ γ0.
Note that the key point in the following computations is that, since we have chosen “alternative”
coordinates, we have |∂ηα˜k(y˜k, η˜k)| ≤ C0y˜k ≤ C0%1.
The projection of Φ1|Λksec on the horizontal subspace reads
y˜k 7→ y˜k+1 = piΦ1(y˜k, fk(y˜k)) = Aky˜k + α˜k(y˜k, fk(y˜k)),
where for each k, Ak is a matrix as in (23).
By differentiating, we obtain :
∂y˜k+1
∂y˜k
= Ak +
∂α˜k
∂y˜k
+
∂α˜k
∂η˜k
∂fk
∂y˜k
= Ak + rk,
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where rk has entries bounded by C0%1γ0 ≤ C0.
Therefore, the map is invertible, and y˜k+1 7→ y˜k is contracting. This implies that Λk+1sec can be
represented as a graph
Λk+1sec ≡ {(y˜k+1, fk+1(y˜k+1)); y˜k+1 ∈ Dk+1},
with
fk+1(y˜k+1) = tA−1k f
k(y˜k) + β˜k(y˜
k, fk(y˜k)).
Differentiating with respect to y˜k+1, we get
∂fk+1
∂y˜k+1
=
( ∂y˜k
∂y˜k+1
)[
(tA−1k + ∂ηβ˜
k(y˜k, fk(y˜k)))
∂fk
∂y˜k
(y˜k) + ∂y˜β˜
k(y˜k, fk(y˜k))
]
Therefore, we have ∥∥∥∂fk+1
∂y˜k+1
∥∥∥ ≤ ‖tA−1k ‖γk + |∂y˜β˜|+ |∂η˜β˜|γk
ν−1 − |∂y˜α˜| − |∂η˜β˜|γk
≤ γkν + C0
p(1 + γk)
ν−1 − 2C0p
≤ ν1γk + (1− ν1)γuns
8
= γk
(
ν1 +
γuns(1− ν1)
8γk
)
,
where the last inequality comes from (31). First of all, the fact that this slope is bounded uniformly
on Λk+1sec implies that Λ
k+1
sec can indeed be written in the form
Λk+1sec ≡ {(y˜k+1, fk+1(y˜k+1); y˜k+1 ∈ Dk+1)},
where Dk+1 ⊂ B(0, %1), and ‖dfk+1‖C0 ≤ γk+1, where γk+1 ≤ γk
(
ν1 +
γuns(1−ν1)
8γk
)
.
Now, if γk > γuns/4, then ν1 +
γuns(1−ν1)
8γk
< 1+ν12 < 1, so that γk decreases exponentially fast,
while if γk ≤ (1+ν1)γuns4 , then γk+1 < (1+ν1)γuns4 .
The time N1 has been chosen large enough so that γN1 <
(1+ν1)γuns
4 , which concludes the proof
of the lemma.
After times N > N1, the Lagrangian manifold may not be included in U˜
ΦN (ρi0 )(, %1). Therefore,
we may have to change of coordinates. By Lemma 8, at time N1, our Lagrangian manifold Φ
N1(Λ0)
is included in U˜Φ
N1 (ρi0 )(, %1) and is
(1+ν1)γuns
4 -unstable.
We want to study U˜j ∩ ΦN1(Λ0) for j ∈ I, in the coordinates centred at ρj , and to apply the
computations made in the proof of Lemma 8 again. Let us see how all this works.
If, for some j ∈ I, U˜j ∩ ΦN1(Λ0) 6= ∅, then d(ΦN1(ρi0), ρj) < . Now, by applying Lemma 4
as well as equation (32), we obtain that ΦN1(Λ0) ∩ U˜j is γuns2 -unstable in the twisted coordinates
centred at ρj .
We may continue this argument of changing coordinates and propagating to any time N ≥ N1:
we always obtain a single Lagrangian manifold which is (1+ν1)γuns4 -unstable. This concludes the
proof of Proposition 1, because we assumed that C0
p < 1/2.
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Remark 10. In [NZ09], Proposition 5.1, the authors prove using the chain rule that for each ` ∈ N,
there exists a constant C` large enough such that the following holds. If i1, i2 ∈ I and if Λ ⊂ U˜i1 is a
Lagrangian manifold in some unstable cone, generated by a function f in the coordinates (y˜ρi1 , η˜ρi1 )
with ‖f‖C` ≤ C`, then Φ1(Λ) ∩ U˜i2 is a union of finitely many Lagrangian manifolds, all of which
are in some unstable cone in the coordinates (y˜ρi2 , η˜ρi2 ), and are generated by functions with a C`
norm smaller than C`.
In particular, this shows that on the Lagrangian manifold ΦNι (Λ) described in Proposition 1, the
function sρi(yρi) has a C` norm smaller than C`, where C` is a constant independent on N .
2.3.6 Properties of the sets (Wa)a∈A1
The following lemma is an adaptation of Lemma 6 to the “straight coordinates”. Note that the
main reason why we want to use these straight coordinates is because they are symplectic, which
will play a crucial role in the proof of Theorem 5.
Lemma 9. There exists ε0 < 1 such that, if (Wa)a∈A1 is an adapted cover of K of diameter ε0
such that for each a ∈ A1, Wa ∩W0 = ∅, and there exists a point ρa ∈ Wa ∩K 6= ∅. Then there
exist NNuns ∈ N and γ′ such that the following holds.
For each a ∈ A1, for each 1 ≤ N ≤ Nuns, the set ΦN (L0) ∩ Wa consists of at most NNuns
Lagrangian manifolds, all of which are γ′-unstable in the straight coordinates centred on ρa.
Proof. Let us choose ε0 > 0 small enough so that C0ε0γ˜Nuns < 1 and such that each set of diameter
smaller that ε0 and which intersects K is contained in some U˜
ρ(, δ), with δ < δ˜Nuns . By applying
Lemma 6, we know that there exists NNuns ∈ N, δ˜Nuns > 0 and γ˜Nuns > 0 such that ∀0 < δ ≤ δ˜Nuns ,
∀ρ ∈ K, ∀1 ≤ N ≤ Nuns, ΦN (L0)∩ U˜ρ(, δ) can be written in the coordinates (y˜ρ, η˜ρ) as the union
of at most NNuns Lagrangian manifolds, which are all γ˜Nuns -unstable. This gives us the statement
in the twisted coordinates. To go to the straight coordinates, we may simply use Lemma 3 thanks
to the assumption made on ε0.
For any a ∈ A1, 1 ≤ k ≤ Nuns, Wa ∩ Φk(L0) consists of finitely many Lagrangian manifolds.
Let us define da,k as the minimal distance (with respect to the distance d) between the Lagrangian
manifolds which make up Wa ∩ Φk(L0), with the convention that this quantity is equal to +∞ if
Wa ∩ Φk(L0) consists of a single Lagrangian manifold or is empty. We then set
d := min(ε0, min
a∈A1
1≤k≤Nuns
{da,k}) > 0.
Remark 11. If we consider a whole family of Lagrangian manifolds (Lz)z∈Z satisfying Hypothesis
3 and Hypothesis 4, we will be able to apply Theorem 3 to them with sets (Wa)a∈A2 independent of
z ∈ Z provided the constant d is well-defined, that is to say, provided we have
inf
a∈A1,z∈Z
1≤k≤Nuns
{dza,k} > 0, (37)
where dza,k is the minimal distance between the Lagrangian manifolds which make up Wa ∩Φk(Lz),
with the convention that this quantity is equal to +∞ if Wa∩Φk(Lz) consists of a single Lagrangian
manifold or is empty.
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The flow (Φt) is C1 with respect to time, hence Lipschitz on [0, Nuns]. Therefore, there exists
a constant C > 0 such that for all t ∈ [0, Nuns], for all ρ1, ρ2 ∈ E , we have
d(Φt(ρ1),Φ
t(ρ2)) ≤ Cd(ρ1, ρ2).
We take
ε2 := d/C.
We now complete (Wa)a∈A1 to cover the whole energy layer.
2.3.7 Construction and properties of the sets (Wa)a∈A2
Recall that W0 = T
∗(X\X0), and that b is the boundary defining function introduced in Hypothesis
1.
We build the sets (Wa)a∈A2 so that, if we set A = A1 ∪A2 ∪ {0}, the following holds:
• Each of the sets (Wa)a∈A2 has a diameter smaller than ε2.
• For each a ∈ A2, we have d(Wa,K) > ε2/2.
• (Wa)a∈A is an open cover of E .
Our next lemma is the first brick of the proof of the uniqueness of the Lagrangian manifold
making up ΦNα (L0). It relies on the fact that the sets (Wa)a∈A2 have been built small enough.
Lemma 10. Let k ≤ Nuns, α ∈ Ak, and a ∈ A1. Then the set Wa ∩ Φkα(L0) is empty or consists
of a single Lagrangian manifold.
Proof. Let us suppose that Φk(L0) ∩Wa is non-empty. We have seen in Lemma 9 that it consists
of finitely many Lagrangian manifolds, with a distance between them larger than d. Therefore, for
any 1 ≤ k′ ≤ k, the sets Φ−k′(Φk(L0)∩Wa) consist of Lagrangian manifolds which are at a distance
larger than ε2 from each other. Because of the assumption (9) we made, we have αk′ ∈ A2 for some
k′ ≤ k. Since the sets (Wa)a∈A2 have a diameter smaller than ε2, they separate the Lagrangian
manifolds which make up Φ−k
′
(Φk(L0) ∩Wa). We deduce from this the lemma.
2.3.8 Structure of the admissible sequences
We will now state two of lemmas which put some constraints on the sequences α ∈ AN , with
αN ∈ A1 such that ΦNα (L0) 6= ∅.
The first of these lemmas tell us that we may restrict ourselves to sequences such that αk 6= 0
for k ≥ 1.
Lemma 11. Let N ∈ N, and let α ∈ AN , and a ∈ A1. Suppose that αk = 0 for some 1 ≤ k ≤ N−1,
and that Wa ∩ ΦNα (L0) 6= ∅. Then Wa ∩ ΦNα (L0) ⊂ ΦN−kαk+1...αN−1(L0).
Proof. By hypothesis, Φkα1...αk(L0) ⊂ W0, and it intersects W1 in the future. We have W0 =DE− ∪ DE+, and a point in DE+ cannot intersect W1 in the future. Therefore, the points in
Φkα1...αk(L0) which intersect W1 in he future are all in DE−. But by Lemma 1, the point in DE−
can only have pre-images in W0. Therefore, we have
Wa ∩ ΦNα (L0) ⊂Wa ∩ ΦN0...0αk+1...αN−1(L0) ⊂ ΦN−kαk+1...αN−1(L0),
where the second inclusion comes from Hypothesis 3.
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Let us now take advantage of Remark 9 to show that, from time k ≥ N + 2, all the interesting
dynamics takes place in W3.
Lemma 12. Let N ≥ N + 2, α ∈ AN with αi 6= 0 for i ≥ 1.
Let N + 2 ≤ k ≤ N , and ρ ∈ Φkα1...αk(L0) be such that ΦN−k(ρ) ∈ Wa for some a ∈ A1. Then
ρ ∈ W3.
Proof. If ρ ∈ W1, then the result follows from Remark 9. We must therefore check that we cannot
have ρ ∈ W2 ∪ W0. First of all, note that Lemma 1 implies that we cannot have ρ ∈ W0. This
lemma also implies that for each a′ ∈ A1 ∪A2, we have
Φ1(Wa′\W0) ∩ DE− = ∅. (38)
Suppose now that ρ ∈ W2. Since k ≥ N + 2, and αi 6= 0 for i ≥ 1, we have Φ−N−1(ρ) ∈ Wa′
for some a′ ∈ A1 ∪A2. Therefore, by equation (38), we have Φ−N(ρ) /∈ W0.
By the proof of Lemma 5, this would imply that d(ρ,Γ−) ≥ d1. By Remark 9, this implies that
we cannot have ΦN−k(ρ) ∈Wa for some a ∈ A1, a contradiction.
2.3.9 End of the proof of Theorem 3
Let N ≥ 0, α ∈ AN and a ∈ A1. If N ≤ Nuns, the result of Theorem 3 is a consequence of Lemma
9 and Lemma 10.
Consider now N ≥ Nuns > N + 2. We will assume that Wa ∩ ΦNα (L0) 6= ∅. Thanks to Lemma
11 and to Hypothesis 3, we may assume that αi 6= 0 for all i ≥ 1.
From Lemma 12, we deduce that
Wa ∩ ΦNα (L0) ⊂
⋃
ι∈IN−N−1
ιN−N=iα
Φι
(
ΦN+2α1...αN+2(L0)
)
, (39)
where iα ∈ I is such that WαN ⊂ U˜iα .
Let us define Λk := {ρ ∈ Φkα(L0);∀k′ ≥ 0,Φk
′
(ρ) ∈Wαk+k′}.
By Lemma 12, for each k ≥ N + 2, we have Λk ⊂ W3 ∩Wαk . Therefore, by Lemma 7 (iii),
there exists a ik ∈ I such that Λk ⊂ U˜ik , and we obtain that
Wa ∩ ΦNα (L0) ⊂ ΦN−N−2iN+2...iN
(
ΦN+2α1...αN+2(L0)
)
.
We know from Lemma 6 and Lemma 10 that ΦN+2α1...αN+2(L0) consists of a single Lagrangian
manifold, which is γ0-unstable in the coordinates centred on any point of K. Applying Proposition
1, we know that the right hand side of (39) is a Lagrangian manifold which is γuns(1+2Cap)2 -unstable
in the twisted coordinates centred on ρiα .
We first apply Lemma 4 to write this Lagrangian manifold in the twisted coordinates centred on
ρa. Thanks to equation (32), it is
γuns
(1+2Cap)
-unstable. We then use Lemma 3 to write this Lagrangian
manifold in the straight coordinates centred on ραN , and we deduce that it is γuns-unstable. This
concludes the proof of Theorem 3.
Remark 12. Therefore, in the coordinates (ya, ηa), Wa ∩ ΦNα (L0) may be put in the form
Wa ∩ ΦNα (L0) ≡ {(ya1 ,ya, 0, fN,α,a(ya)), ya ∈ DN,α,a},
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for some open set DN,α,a ⊂ Rd.
Remark 10 tells us that for any ` ∈ N, the functions fN,α,a have C` norms which are bounded
independently of N , α and a.
3 Generalized eigenfunctions
We shall state our results about generalized eigenfunctions under rather general assumptions. We
shall then explain why these assumptions hold in the case of distorted plane waves on manifolds
which are Euclidean near infinity.
In the sequel, we will consider a Riemannian manifold (X, g) with a real-valued potential V ∈
C∞c (X), and define the Schro¨dinger operator
Ph = −h2∆g − c0h2 + V (x).
Here c0 > 0 is a constant, which will be 0 in the case of Euclidean near infinity manifolds (see 3.3
for the definition of such manifolds).
Before stating our assumptions, let us recall a few definitions and facts from semiclassical anal-
ysis.
3.1 Refresher on semiclassical analysis
3.1.1 Pseudodifferential calculus
We shall use the class Scomp(T ∗X) of symbols a ∈ C∞c (T ∗X), which may depend on h, but whose
seminorms and supports are all bounded independently of h. We will sometimes write Scomp(X)
for the set of symbols in Scomp(T ∗X) which depend only on the base variable. If U is an open
subset of T ∗X, we will denote by Scomp(U) the set of functions in Scomp(T ∗X) whose support is
contained in U .
Definition 3. Let a ∈ Scomp(T ∗Y ). We will say that a is a classical symbol if there exists a
sequence of symbols ak ∈ Scomp(T ∗Y ) such that for any n ∈ N,
a−
n∑
k=0
hkak ∈ hn+1Scomp(T ∗Y ).
We will then write a0(x, ξ) := lim
h→0
a(x, ξ;h) for the principal symbol of a.
We associate to Scomp(T ∗X) the class of pseudodifferential operators Ψcomph (X), through a
surjective quantization map
Oph : S
comp(T ∗X) −→ Ψcomph (X).
This quantization map is defined using coordinate charts, and the standard Weyl quantization on
Rd. It is therefore not intrinsic. However, the principal symbol map
σh : Ψ
comp
h (X) −→ Scomp(T ∗X)/hScomp(T ∗X)
is intrinsic, and we have
σh(A ◦B) = σh(A)σh(B)
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and
σh ◦Op : Scomp(T ∗X) −→ Scomp(T ∗X)/hScomp(T ∗X)
is the natural projection map.
For more details on all these maps and their construction, we refer the reader to [Zwo12, Chapter
14].
For a ∈ Scomp(T ∗X), we say its essential support is equal to a given compact K b T ∗X,
ess suppha = K b T ∗X,
if and only if, for all χ ∈ S(T ∗X),
suppχ ⊂ (T ∗X\K)⇒ χa ∈ h∞S(T ∗X).
For A ∈ Ψcomph (X), A = Oph(a), we define the wave front set of A as:
WFh(A) = ess suppha,
noting that this definition does not depend on the choice of the quantisation. When K is a compact
subset of T ∗X and WFh(A) ⊂ K, we will sometimes say that A is microsupported inside K.
Let us now state a lemma which is a consequence of Egorov theorem [Zwo12, Theorem 11.1].
Recall that U(t) is the Schro¨dinger propagator U(t) = e−itPh/h.
Lemma 13. Let A,B ∈ Ψcomph (X), and suppose that Φt(WFh(A)) ∩WFh(B) = ∅. Then we have
AU(t)B = OL2→L2(h∞).
If U, V are bounded open subsets of T ∗X, and if T, T ′ : L2(X)→ L2(X) are bounded operators,
we shall say that T ≡ T ′ microlocally near U × V if there exist bounded open sets U˜ ⊃ U and
V˜ ⊃ V such that for any A,B ∈ Ψcomph (X) with WF (A) ⊂ U˜ and WF (B) ⊂ V˜ , we have
A(T − T ′)B = OL2→L2(h∞)
Tempered distributions Let u = (u(h)) be an h-dependent family of distributions in D′(X).
We say it is h-tempered if for any bounded open set U ⊂ X, there exists C > 0 and N ∈ N such
that
‖u(h)‖H−Nh (U) ≤ Ch
−N ,
where ‖ · ‖H−Nh (U) is the semiclassical Sobolev norm.
For a tempered distribution u = (u(h)), we say that a point ρ ∈ T ∗X does not lie in the wave
front set WF (u) if there exists a neighbourhood V of ρ in T ∗X such that for any A ∈ Ψcomph (X)
with WF (a) ⊂ V , we have Au = O(h∞).
3.1.2 Lagrangian distributions and Fourier Integral Operators
Phase functions Let φ(x, θ) be a smooth real-valued function on some open subset Uφ of X×RL,
for some L ∈ N. We call x the base variables and θ the oscillatory variables. We say that φ is a
non degenerate phase function if the differentials d(∂θ1φ)...d(∂θLφ) are linearly independent on the
critical set
Cφ := {(x, θ); ∂θφ = 0} ⊂ Uφ.
27
In this case
Λφ := {(x, ∂xφ(x, θ)); (x, θ) ∈ Cφ} ⊂ T ∗X
is an immersed Lagrangian manifold. By shrinking the domain of φ, we can make it an embedded
Lagrangian manifold. We say that φ generates Λφ.
Lagrangian distributions Given a phase function φ and a symbol a ∈ Scomp(Uφ), consider the
h-dependent family of functions
u(x;h) = h−L/2
∫
RL
eiφ(x,θ)/ha(x, θ;h)dθ. (40)
We call u = (u(h)) a Lagrangian distribution, (or a Lagrangian state) generated by φ. By the method
of non-stationary phase, if supp a is contained in some h-independent compact set K ⊂ Uφ, then
WFh(u) ⊂ {(x, ∂xφ(x, θ)); (x, θ) ∈ Cφ ∩K} ⊂ Λφ.
Definition 4. Let Λ ⊂ T ∗X be an embedded Lagrangian submanifold. We say that an h-dependent
family of functions u(x;h) ∈ C∞c (X) is a (compactly supported and compactly microlocalized) La-
grangian distribution associated to Λ, if it can be written as a sum of finitely many functions of
the form (40), for different phase functions φ parametrizing open subsets of Λ, plus an O(h∞)
remainder. We will denote by Icomp(Λ) the space of all such functions.
Fourier integral operators Let X,X ′ be two manifolds of the same dimension d, and let κ
be a symplectomorphism from an open subset of T ∗X to an open subset of T ∗X ′. Consider the
Lagrangian
Λκ = {(x′,−ν′;x, ν);κ(x, ν) = (x′, ν′)} ⊂ T ∗X ′ × T ∗X = T ∗(X ′ ×X).
A compactly supported operator U : D′(X) → C∞c (X ′) is called a (semiclassical) Fourier integral
operator associated to κ if its Schwartz kernel KU (x
′, x) lies in h−d/2Icomp(Λκ). We write U ∈
Icomp(κ). The h−d/2 factor is explained as follows: the normalization for Lagrangian distributions
is chosen so that ‖u‖L2 ∼ 1, while the normalization for Fourier integral operators is chosen so that
‖U‖L2(X)→L2(X′) ∼ 1.
Note that if κ ◦ κ′ is well defined, and if U ∈ Icomp(κ) and U ′ ∈ Icomp(κ′), then U ◦ U ′ ∈
Icomp(κ ◦ κ′).
If U ∈ Icomp(κ) and O ⊂ T ∗X is an open bounded set, we shall say that U is microlocally
unitary near O if U∗U ≡ IL2(X)→L2(X) microlocally near O × κ(O).
3.1.3 Local properties of Fourier integral operators
In this section we shall see that, if we work locally, we may describe many Fourier integral operators
without the help of oscillatory coordinates. In particular, following [NZ09, 4.1], we will recall the
effect of a Fourier integral operator on a Lagrangian distribution which has no caustics. We will
recall in section 4.2 how this formalism may be applied to the study of the Schro¨dinger propagator.
Let κ : T ∗Rd → T ∗Rd be a local symplectic diffeomorphism. By performing phase-space trans-
lations, we may assume that κ is defined in a neighbourhood of (0, 0) and that κ(0, 0) = (0, 0).
Without loss of generality, we can find linear Lagrangian subspaces, Γj , Γ
⊥
j ⊂ T ∗Rd, j = 0, 1,
with the following properties:
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• Γ⊥j is transversal to Γj ;
• if pij (resp. pi⊥j ) is the projection T ∗Rd → Γj along Γ⊥j (resp. the projection T ∗Rd → Γ⊥j
along Γj), then, for some neighbourhood U of ρ0, the map
κ(U)× U 3 (κ(ρ), ρ) 7→ pi1(κ(ρ))× pi⊥0 ∈ Γ1 × Γ⊥0
is a local diffeomorphism from the graph of κ|U to a neighbourhood of the origin in Γ1 × Γ⊥0 .
Let Aj , j = 0, 1 be linear symplectic transformations with the properties
Aj(Γj) = {(x, 0)} ⊂ T ∗Rd and Aj(Γ⊥j ) = {(0, ξ)} ⊂ T ∗Rd,
and let Mj be metaplectic quantizations of the Aj ’s as defined in [DS99, Appendix to chapter 7].
Then the rotated diffeomorphism
κ˜ := A1 ◦ κ ◦A−10
is such that the projection from the graph of κ˜
T ∗Rd × T ∗Rd 3 (x1, ξ1;x0, ξ0) 7→ (x1, ξ0) ∈ Rd × Rd, (x1, ξ1) = κ˜(x0, ξ0), (41)
is a diffeomorphism near the origin. It then follows that there exists a unique function ψ˜ ∈ C∞(Rd×
Rd) such that for (x1, ξ0) near (0, 0),
κ˜(ψ˜′ξ(x
1, ξ0), ξ0) = (x1, ψ˜′x(x
1, ξ0)), det ψ˜′′xξ 6= 0 and ψ˜(0, 0) = 0.
The function ψ˜ is said to generate the transformation κ˜ near (0, 0).
Note that if T˜ ∈ Icomp(κ˜), then
T := M−11 ◦ T˜ ◦M0 ∈ Icomp(κ). (42)
Thanks to assumption (41), a Fourier integral operator T˜ ∈ Icomp(κ˜) may then be written in
the form
T˜ u(x1) :=
1
(2pih)d
∫ ∫
R2n
ei(ψ˜(x
1,ξ0)−〈x0,ξ0〉/hα(x1, ξ0;h)u(x0)dx0dξ0, (43)
with α ∈ Scomp(R2d).
Now, let us state a lemma which was proven in [NZ09, Lemma 4.1], and which describes the
effect of a Fourier integral operator of the form (43) on a Lagrangian distribution which projects
on the base manifold without caustics.
Lemma 14. Consider a Lagrangian Λ0 = {(x0, φ′0(x0));x ∈ Ω0}, φ0 ∈ C∞b (Ω0), contained in a
small neighbourhood V ⊂ T ∗Rd such that κ is generated by ψ near V . We assume that
κ(Λ0) = Λ1 = {(x, φ′1(x));x ∈ Ω1}, φ1 ∈ C∞b (Ω1).
Then, for any symbol a ∈ Scomp(Ω0), the application of a Fourier integral operator T of the form
(43) to the Lagrangian state
a(x)eiφ0(x)/h
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associated with Λ0 can be expanded, for any L > 0, into
T (aeiφ0/h)(x) = eiφ1(x)/h
( L−1∑
j=0
bj(x)h
j + hLrL(x, h)
)
,
where bj ∈ Scomp, and for any ` ∈ N, we have
‖bj‖C`(Ω1) ≤ C`,j‖a‖C`+2j(Ω0), 0 ≤ j ≤ L− 1,
‖rL(·, h)‖C`(Ω1) ≤ C`,L‖a‖C`+2L+n(Ω0).
The constants C`,j depend only on κ, α and supΩ0 |∂βφ0| for 0 < |β| ≤ 2`+ j.
3.2 Assumptions on the generalized eigenfunctions
We consider generalized eigenfunctions of Ph at energy 1, that is to say, a family of smooth functions
Eh ∈ C∞(X) indexed by h ∈ (0, 1] which satisfy
(Ph − 1)Eh = 0.
We will furthermore assume that these generalized eigenfunctions may be decomposed as follows.
Hypothesis 5. We suppose that Eh can be put in the form
Eh = E
0
h + E
1
h, (44)
where E0h is a tempered distribution which is a Lagrangian state associated to a Lagrangian manifold
which satisfies Hypothesis 3 of invariance, as well as Hypothesis 4 of transversality, and where E1h
is a tempered distribution such that for each ρ ∈WFh(E1h), we have ρ ∈ E.
Furthermore, we suppose that E1h is outgoing in the sense that there exists 2 > 0 such that for
all χ, χ′ ∈ C∞c such that χ ≡ 1 on {x ∈ X; b(x) ≥ 2}, there exists Tχ > 0 such that for all t ≥ Tχ,
we have
Φt(WF
(
(1− χ)χ′E1h
)) ∩ spt(χ) = ∅. (45)
The most natural example of such generalized eigenfunctions is given by distorted plane waves,
which we are now going to define. Note that they depend on a parameter ξ ∈ ∂X, so that they
actually form a whole family of generalized eigenfunctions.
It is also possible to define generalized eigenfunctions which satisfy Hypothesis 5 on manifolds
which are hyperbolic near infinity. This is done in [Ing15, Appendix B]; the construction mainly
follows [DG14, Section 6], but some work has to be done to check that E1h is a tempered distribution.
3.3 Distorted plane waves on Euclidean near infinity manifolds
Definition 5. We say that X is Euclidean near infinity if there exists a compact set X0 ⊂ X and
a R0 > 0 such that X\X0 has finitely many connected components, which we denote by X1, ..., Xl,
such that for each 1 ≤ i ≤ l, (Xi, g) is isometric to
(
Rd\B(0, R0), gEucl
)
.
The surface in figure 2 is an example of a Euclidean near infinity manifold. Note that we may
assume that supp V ⊂ X0. Note also that any Euclidean near infinity manifold fulfils hypothesis
1. Indeed, we may take a boundary defining function b such that b(x) = (1 + |x|2)−1/2 if x ∈ Xi
which we identify with Rd\B(0, R0).
To define distorted plane waves, we will simply give a definition of each of the two terms which
compose them as in (44).
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3.3.1 Definition of E0h
By definition of a Euclidean near infinity manifold, we have:
X = X0 unionsq
( N⊔
i=1
Xi
)
,
with X0 compact, and for each 1 ≤ i ≤ N , there exists an isometric isomorphism
xi : Xi −→ Rd\B(0, R0), (46)
equipped with the Euclidean metric g0.
The boundary of X may then be identified with a union of spheres:
∂X ∼=
N⊔
i=1
Si,
with Si ∼= Sn.
Let ξ ∈ ∂X. We have ξ ∈ Si for some 1 ≤ i ≤ m. Take a smooth function χ˜ : X −→ [0; 1] which
vanishes outside of Xi, and which is equal to 1 in a neighbourhood of Si.
We define the incoming wave E0h by E
0
h(ξ, ·) : X −→ C by:
E0h(ξ, x) = χ˜(x)e
i
hxi(x)·ξ if x ∈ Xi, 0 otherwise.
If we write L0 for the Lagrangian submanifold (with boundaries) Xi × {ξ} ⊂ T ∗X, then E0h is
a Lagrangian distribution associated to L0, which satisfies Hypothesis 3 of invariance.
3.3.2 Definition of the distorted plane waves
Let us set
Fh := −[Ph, χ˜]E0h(ξ).
Note that we have Fh ∈ Scomp(X).
Recall that the outgoing resolvent Rh(1) is defined as Rh(1) := lim
→0+
(Ph− (1+ i)2)−1, the limit
being taken in the topology of bounded operators from L2comp(X) to L
2
loc(X).
We shall use the following resolvent estimate, which was proven in [NZ09].
Theorem 4. [Resolvent estimates for Euclidean near infinity manifolds] Let X be a Euclidean near
infinity manifold such that Hypothesis 2 on hyperbolicity and Hypothesis 6 on topological pressure
hold. Then for any χ ∈ C∞c (X), there exists C > 0 such that for all 0 < h < h0, we have
‖χRh(1)χ‖L2(X)→L2(X) ≤ C log(1/h)
h
(47)
We define
E1h := Rh(1)Fh,
which is a tempered distribution thanks to Theorem 4.
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We then define the distorted plane wave as :
Eξh := E
0
h + E
1
h.
To check the outgoing assumption on E1h, we must explain why that exists 2 > 0 such that for
all χ, χ′ ∈ C∞c such that χ ≡ 1 on {x ∈ X; b(x) ≥ 2}, there exists Tχ > 0 such that for all t > Tχ,
we have
Φt(WF
(
(1− χ)χ′E1h
)) ∩ spt(χ) = ∅. (48)
From [DG14, §6.2], we know that for any ρ ∈ WFh(E1h), we have ρ ∈ E , and either ρ ∈ Γ+ or
there exists a t > 0 such that Φ−t(ρ) = (x, ξ) where x ∈ spt(∂χ˜), where χ˜ is as in Section 3.3.1.
We may take 2 < 0 small enough so that spt(χ˜) ⊂ {x ∈ X, b(x) > 2}. Suppose that ρ = (x, ξ)
is such that x ∈ spt(1 − χ) and piX(Φt(ρ)) ∈ spt(χ). Then, by geodesic convexity, (x,−ξ) ∈ DE+.
Therefore, since spt(χ˜) ⊂ {x ∈ X, b(x) > 2} and spt(1 − χ) ⊂ {x ∈ X, b(x) < 2} and since b
decreases in the future along the trajectory of (x,−ξ), it is impossible that there exists t > 0 such
that Φ−t(ρ) = (x, ξ) where x ∈ spt(∂χ˜). Therefore, if ρ ∈ Φt(WF ((1−χ)χ′E1h))∩ spt(χ), we must
have ρ ∈ DE+.
On the other hand, if ρ ∈ DE+, then (48) is always satisfied as long as Tχ is large enough so
that ΦTχ
(DE+ ∩ T ∗(spt(1− χ))) ∩ T ∗spt(χ) = ∅. This shows that E1h is outgoing.
Finally, one readily checks that we have, in the sense of PDEs:
(Ph − 1)Eξh = 0.
We will sometimes simply write Eh instead of E
ξ
h, to avoid cumbersome notations.
The definition of Eh seems to depend on the choices of the cut-off functions we made. Actually,
the distorted plane waves can be defined in a much more intrinsic fashion, using the structure of
resolvent at infinity. We don’t want to enter into the details here (see [DG14, Section 6], and the
references therein, or [Mel95, Chapter 2]).
3.4 Topological pressure
We shall now give a definition of topological pressure, so as to formulate Hypothesis 6. Recall that
the distance d was defined in section 2.1.2, and that it was associated to the adapted metric. We
say that a set S ⊂ K is (, t)-separated if for ρ1, ρ2 ∈ S, ρ1 6= ρ2, we have d(Φt′(ρ1),Φt′(ρ2)) > 
for some 0 ≤ t ≤ t′. (Such a set is necessarily finite.)
The metric gad induces a volume form Ω on any d-dimensional subspace of T (T
∗Rd). Using this
volume form, we will define the unstable Jacobian on K. For any ρ ∈ K, the determinant map
ΛndΦt(ρ)|E+0ρ : ΛnE+0ρ −→ ΛnE+0Φt(ρ)
can be identified with the real number
det
(
dΦt(ρ)|E+0ρ
)
:=
ΩΦt(ρ)
(
dΦtv1 ∧ dΦtv2 ∧ ... ∧ dΦtvn
)
Ωρ(v1 ∧ v2 ∧ ... ∧ vn) ,
where (v1, ..., vn) can be any basis of E
+0
ρ . This number defines the unstable Jacobian:
expλ+t (ρ) := det
(
dΦt(ρ)|E+0ρ
)
. (49)
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From there, we take
Zt(, s) := sup
S
∑
ρ∈S
exp(−sλ+t (ρ)),
where the supremum is taken over all (, t)-separated sets. The pressure is then defined as
P(s) := lim
→0
lim sup
t→∞
1
t
logZt(, s).
This quantity is actually independent of the volume form Ω and of the metric chosen: after taking
logarithms, a change in Ω or in the metric will produce a term O(1)/t, which is not relevant in the
t→∞ limit.
Hypothesis 6. We assume the following inequality on the topological pressure associated with Φt
on K:
P(1/2) < 0. (50)
We will give an equivalent definition of topological pressure in section 4.1, better suited to our
purpose.
3.5 Statement of the results concerning distorted plane waves
We may now formulate our main result.
Theorem 5. Suppose that the manifold X satisfies Hypothesis 1 at infinity, and that the Hamil-
tonian flow (Φt) satisfies Hypothesis 2 on hyperbolicity and Hypothesis 6 concerning the topological
pressure. Let Eh be a generalized eigenfunction of the form described in Hypothesis 5, where E
0
h is
associated to a Lagrangian manifold L0 which satisfies the invariance Hypothesis 3 as well as the
transversality Hypothesis 4.
Then there exists a finite set of points (ρb)b∈B1 ⊂ K and a family (Πb)b∈B1 of operators in
Ψcomph (X) microsupported in a small neighbourhood of ρb such that
∑
b∈B1 Πb = I microlocally on
a neighbourhood of K in T ∗X such that the following holds.
Let Ub : L2(X) −→ L2(Rd) be a Fourier integral operator quantizing the symplectic change of
local coordinates κb : (x, ξ) 7→ (yρb , ηρb), and which is microlocally unitary on the microsupport of
Πb.
For any r > 0, there exists Mr > 0 such that we have
UbΠbEh(yρb) =
bMr,`| log h|c∑
n=0
∑
β∈B˜n
eiφn,β,b(y
ρb )/han,β,b(y
ρb ;h) +Rr, (51)
where an,β,b ∈ Scomp(Rd) are classical symbols, and each φn,β,b is a smooth function independent
of h, and defined in a neighbourhood of the support of an,β,b. The set B˜n will be defined in (85) .
Its cardinal behaves like some exponential of n.
We have the following estimate on the remainder
‖Rr‖L2 = O(hr).
For any ` ∈ N,  > 0, there exists C`, such that for all n ≥ 0, for all h ∈ (0, h0], we have∑
β∈B˜n
‖an,β,b‖C` ≤ C`,en(P(1/2)+). (52)
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Remark 13. This theorem can be considered as a quantum analogue of Theorem 3. Indeed, as
we explained in section 1, we will prove it by describing the evolution of the Schro¨dinger flow of
Lagrangian states, while Theorem 3 described the evolution by the Hamiltonian flow of associated
Lagrangian manifolds. Actually, the sets containing the microsupports of the operators (Πb)b∈B1
will be built from the sets (Wa)a∈A1 constructed in Theorem 3, as explained in section 4.1.
Remark 14. The remainder Rr is compactly microlocalised, since the other two terms in the
decomposition (51) are compactly microlocalised. Therefore, for any ` ∈ N, by possibly taking Mr
larger, we may ask that
‖Rr‖C` = O(hr).
Theorem 5 may be used to identify the semiclassical measures associated to our generalized
eigenfunctions, as in Theorem 2. We shall do this only microlocally close to the trapped set, since
the expression for the semiclassical measure on the whole manifold may become very complicated.
Let us denote by pib the principal symbol of the operators Πb introduced in the statement of
Theorem 5. The following corollary is a more precise version of (the second part of) Theorem 2.
Corollary 1. There exists a constant 0 < c ≤ 1 and functions en,β,b for n ∈ N, β ∈ B˜n and b ∈ B1
such that for any a ∈ C∞c (T ∗X) and for any χ ∈ C∞c (X), we have
〈Oph(pi2ba)χEh, χEh〉 =
∫
T∗X
a(x, v)dµb,χ(x, v) +O(h
c),
with
dµb,χ(κ
−1
b (y
ρb , ηρb)) =
∞∑
n=0
∑
β∈B˜n
en,β,b(y
ρb)δ{ηρb=∂φj,n(yρb )}dy
ρb ,
The functions en,β,b satisfy an exponential decay estimate as in (52).
The functions en,β,b will be closely related to a
0
n,β,b(y
ρb), the principal symbol of an,β,b(y
ρb)
appearing in (51). Actually, en,β,b(y
ρb) will either be the square of the modulus of a0n,β,b(y
ρb), or
the square of the modulus of the sum of a finite number of a0n,β,b(y
ρb), for different values of n and
β. These different terms will come from the fact that a point may belong to Φn,t0β (L0) for several
values of n, β.
3.6 Strategy of proof
To study the asymptotic behaviour of the distorted plane wave as h goes to zero, we would like
to write that U˜(t)Eh = Eh, where U˜(t) := e
it/hU(t). However, this equation can only be formal,
because Eh /∈ L2(X). Instead, we use the following lemma from [DG14] (Lemma 3.10):
Lemma 15. Let χ ∈ C∞c (X). Take t ∈ R, and a cut-off function χt ∈ C∞c (X) be supported in the
interior of a compact set Kt, such that
dg(suppχ, supp(1− χt)) > 2|t|,
where dg denotes the Riemannian distance on M . Then, for any ξ ∈ Sd, we have
χEh = χU˜(t)χtEh +O(h
∞‖Eh‖L2(Kt)). (53)
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Since Eh is a tempered distribution by assumption, we have, for any t > 0 and χ ∈ C∞c (X):
‖χEh − χU˜(t)χtEh‖L2 = O(h∞),
where χt is as in Lemma 15.
We may then iterate this equation as follows: we write that χt = χ+ χt(1− χ), and obtain
χEh = χU˜(t)
(
(1− χ)χt
)
Eh + χU˜(t)χU˜(t)χtEh +O(h
∞).
We may iterate this method to times Nt ≤Mt| log h| for any given M > 0. We obtain
χEh = (χU˜(t))
NχtEh +
N∑
k=1
(χU˜(t))k(1− χ)χtEh +O(h∞). (54)
Now, choose χ ∈ C∞c (X) as in Hypothesis 5, and take t > Tχ.
Lemma 16. Let t > Tχ, M > 0, and χ ∈ C∞c (X) be such that χ ≡ 1 on {x ∈ X, b(b) > 2}, where
2 < 0 is as in Hypothesis 5. For any k ≤M | log h|, we have
‖(χU˜(t))k(1− χ)χtE1h‖L2 = O(h∞).
Proof. We only have to prove that ‖(χU˜(t))(1 − χ)χtE1h‖L2 = O(h∞). This is a consequence of
(45) in Hypothesis 5.
Therefore, we have for any χ ∈ C∞c (X) as in Lemma 16:
χEh = (χU˜(t))
NχtE
0
h + (χU˜(t))
NχtE
1
h +
N∑
k=1
(χU˜(t))k(1− χ)χtE0h +O(h∞). (55)
Let us now introduce tools from [NZ09] to analyse these terms in more details.
4 Tools for the proofs of Theorem 5
4.1 Another definition of Topological Pressure
Recall that EE and KE were defined in (10) and (11) respectively. For any δ > 0 small enough so
that (12) holds, we define
Eδ :=
⋃
|E−1|<δ
EE, Kδ :=
⋃
|E−1|<δ
KE.
LetW = (Wa)a∈A1 be a finite open cover of Kδ/2, such that the Wa are all strictly included in Eδ
and of diameter < ε0, where ε0 comes from Theorem 3. For any T ∈ N∗, define W (T ) := (Wα)α∈AT1
by
Wα :=
T−1⋂
k=0
Φ−k(Wak),
where α = a0, .., aT−1. Let A′T be the set of α ∈ AT1 such that Wα ∩ Kδ 6= ∅. If V ⊂ Eδ,
V ∩Kδ/2 6= ∅, define
ST (V ) := − inf
ρ∈V ∩Kδ/2
λ+T (ρ), with λ
+
T as in (49).
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ZT (W, s) := inf
{ ∑
α∈AT
exp{sST (Wα)} : AT ⊂ A′T ,Kδ/2 ⊂
⋃
α∈AT
Wα
}
Pδ(s) := lim
diamW→0
lim
T→∞
1
T
logZT (W, s).
The topological pressure is then:
P(s) = lim
δ→0
Pδ(s). (56)
Recall that we assumed that
P(1/2) < 0.
Let us fix 0 > 0 so that P(1/2) + 20 < 0. Then there exists t0 > 0, and Wˆ an open cover of Kδ
with diam(Wˆ) < ε0 such that ∣∣∣ 1
t0
logZt0(Wˆ, s)− Pδ(s)
∣∣∣ ≤ 0. (57)
We can find At0 so that {Wα, α ∈ At0} is an open cover of Kδ in Eδ and such that∑
α∈At0
exp{sSt0(Wα)} ≤ exp{t0(Pδ(s) + 0)}.
Therefore, if we take δ small enough, and if we rename {Wα, α ∈ At0} as {Vb, b ∈ B1}, we have:∑
b∈B1
exp{1
2
St0(Vb)} ≤ exp{t0(P(1/2) + 20)}. (58)
By taking t0 large enough, we can assume that log(1 + 0) + t0(P(1/2) + 0) < 0.
A new open cover of E
By hypothesis, the diameter of Wˆ in (57) is smaller than ε0, so that we may apply Theorem 3 to
it. We complete it into an open cover (Wa)a∈A as in Theorem 3, and if α ∈ AN for some N ≥ 0,
we define as previously Wα :=
⋂N−1
k=0 Φ
−k(Wak).
Let us rewrite as (Vb)b∈B2 the sets (Wα)α∈At0 where α ∈ At0\At0 such that αk 6= 0 for some
0 ≤ k ≤ t0 − 1. We will also write V0 for the set W0,0,...,0.
If we write B = B1 unionsqB2 unionsq {0}, the sets (Vb)b∈B form an open cover of E in T ∗X.
Actually, by compactness of the interaction region, we may find a δ > δ′ > 0 small enough
so that (12) holds and such that, by replacing V0 by V0 ∩ Eδ, (Vb)b∈B forms an open cover of Eδ′
included in Eδ.
If β = b0...bN−1 ∈ BN for some N ∈ N, and if Λ is a Lagrangian manifold, we will define for
each 0 ≤ k ≤ N − 1 the set Φk,t0β (Λ) by
Φ0,t0β (Λ) = Λ ∩ Vb0
Φk,t0β (Λ) = Φ
t0
(
Vbk ∩ Φk−1,t0β (Λ)
)
for 1 ≤ k ≤ N − 1.
By definition of the sets b ∈ B, we have ΦN,t0β (Λ) = ΦNt0αβ (Λ), where αβ ∈ ANt0 is the concate-
nation of all the sequences which make up the bk, 0 ≤ k ≤ N − 1.
Therefore, once we have fixed a point ρb ∈ K ∩ Vb for each b ∈ B1, we have the following
analogous of Theorem 3.
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Corollary 2. There exists N ′uns ∈ N such that for all N ∈ N, for all β ∈ BN and all b ∈ B1, then
Vb∩ΦN,t0β (L0) is either empty, or is a Lagrangian manifold in some unstable cone in the coordinates
(yρb , ηρb).
Furthermore, if N − τ(β) ≥ N ′uns, then Vb ∩ΦNβ (L0) is a γuns-unstable Lagrangian manifold in
the coordinates (yρb , ηρb).
Remark 15 (New definition of the sets (Vb)b∈B1). The sets (Vb)b∈B1 form an open cover of K.
By compactness, they form an open cover of {ρ ∈ E ; d(ρ,K) ≤ 3} for some 3 > 0. Hence, if for
each b ∈ B2 we replace each Vb by Vb ∩{ρ ∈ E ; d(ρ,K) > 3/2} which we still denote by Vb, the sets
(Vb)b∈B still form an open cover of E, and the conclusions of Corollary 2 do still apply.
By adapting the proof of Lemma 5, we see that by possibly enlarging N ′uns, we may suppose
that for all b ∈ B2, for all ρ ∈ Vb, we have ΦN ′unst0(ρ) ∈ V0\
(⋃
b∈B2 Vb
)
or Φ−N
′
unst0(ρ) ∈
V0\
(⋃
b∈B2 Vb
)
.
Note also that thanks to Lemma 1, we have for any b ∈ B1∪B2, for any k ≥ 1, Φkt0(L0∩Vb))∩
W0 ∩ DE− = ∅.
Remark 16. In [NZ09], Proposition 5.2, the authors proved the following statement. There exists a
γ1 > 0 such that the following holds. Let b, b
′ ∈ B1, and let Λ be a Lagrangian manifold contained in
Vb, γ-unstable in the coordinates (y
ρb , ηρb) for some γ ≤ γ1. Then Φt0(Λ)∩Vb′ is also a Lagrangian
manifold which is γ-unstable in the coordinates (yρb′ , ηρb′ ).
Furthermore, the map yρb 7→ yρb′ obtained by projecting Φt0 |Λ onto the planes {(yρb , ηρb); ηρb =
0} and {(yρb′ , ηρb′ ); ηρb′ = 0} satisfies the following estimate on its domain of definition:
det
(∂yρb′
∂yρb
)
= (1 +O(p))eλ
+
t0
(ρb),
where λ+t0(ρb) is the unstable Jacobian of ρb, defined in (49).
In the sequel, we will always suppose that γuns < γ1.
For each b ∈ B1, we will denote by Ub a Fourier integral operator quantizing the local change of
symplectic coordinates (x, ξ) 7→ (yρb , ηρb).
4.2 The Schro¨dinger propagator as a Fourier integral operator
Let us explain how the formalism of section 3.1.3 may be used to describe the Schro¨dinger propagator
U(t) acting on L2(X). We shall state a lemma proven in [NZ09, Lemma 4.2]. Recall that for
0 < δ < 1, we defined Eδ as ⋃|E−1|<δ EE.
Lemma 17. Let V0 b Eδ, V1 ⊂ Φt(V0) for some t > 0. Take some ρ0 ∈ V0∩E and set ρ1 = Φt(ρ0) ∈
V1. Let fj : pi(Vj) → Rd, j = 0, 1 be local coordinates such that f0(pi(ρ0)) = f1(pi(ρ1)) = 0 ∈ Rd.
They induce on V0 and V1 the symplectic coordinates
Fj(x, ξ) :=
(
fj(x), (dfj(x)
t)−1ξ − ξ(j)), j = 0, 1,
where ξ(j) ∈ Rd is fixed by the condition Fj(ρj) = (0, 0). Then the operator on L2(Rd),
T (t) := e−i〈x,ξ
(1)〉/h(f−11 )
∗U(t)(f0)∗ei〈x,ξ
(0)〉/h
is of the form (42) for some choice of the Aj’s microlocally near (0, 0)× (0, 0).
37
4.3 Iterations of Fourier integral operators
We recall here the main results from [NZ09, §4] concerning the iterations of semiclassical Fourier
integral operators in T ∗Rd.
Let V ⊂ T ∗Rd be an open neighbourhood of 0, and take a sequence of symplectomorphisms
(κi)i=1,...,N from V to T
∗Rd, such that ∀i ∈ {1, ..., N}, we have κi(0) ∈ V , and the following
projection:
(x1, ξ1;x0, ξ0) 7→ (x1, ξ0) where (x1, ξ1) = κ(x0, ξ0)
is a diffeomorphism close to the origin. We consider Fourier integral operators (Ti) which quantise
κi and which are microlocally unitary near an open set U × U , where U b V which contains the
origin. Let Ω ⊂ Rd be an open set such that U b T ∗Ω, and, for all i, κi(U) b T ∗Ω. For each i, we
take a smooth cut-off function χi ∈ C∞c (U ; [0, 1]), and let
Si := Oph(χi) ◦ Ti (59)
Let us consider a family of Lagrangian manifolds Λk = {(x, φ′k(x));x ∈ Ω} ⊂ T ∗Rd, k = 0, ..., N
such that:
|∂αφk| ≤ Cα, 0 ≤ k ≤ N α ∈ Nd. (60)
We assume that there exists a sequence of integers (ik ∈ {1, ..., J})k=1,...,N such that
κik+1(Λk ∩ U) ⊂ Λk+1, k = 0, ..., N − 1.
We define gk by
gk(x) = pi ◦ κ−1ik (x, φ′k(x)).
That is to say, κ−1ik (x, φ
′
k(x)) = (gk(x), φ
′
k−1(gk(x))).
We will say that a point x ∈ Ω is N -admissible if we can define recursively a sequence by xN = x,
and, for k = N, ..., 1, xk−1 = gk(xk). This procedure is possible if, for any k, xk is in the domain
of definition of gk.
Let us assume that, for any admissible sequence (xN ...x0), the Jacobian matrices are uniformly
bounded from above:∥∥∥∂xk
∂xl
∥∥∥ = ∥∥∥∂(gk+1 ◦ gk+2 ◦ ... ◦ gl)
∂xl
(xl)
∥∥∥ ≤ CD, 0 ≤ k < l ≤ N,
where CD is independent on N . This assumption roughly says that the maps gk are (weakly)
contracting.
We will also use the notation
Dk := sup
x∈Ω
|det dgk(x)|1/2, Jk :=
k∏
k′=1
Dk′ ,
and assume that the Dk’s are uniformly bounded: 1/CD ≤ Dk ≤ CD.
The following result can be found in [NZ09, Proposition 4.1].
Proposition 2. We use the above definitions and assumptions, and take N arbitrarily large, pos-
sibly varying with h. Take any a ∈ Scomp and consider the Lagrangian state u = aeiφ0/h associated
with the Lagrangian Λ0. Then we may write:
(SiN ◦ ... ◦ Si1)(aeiφ0/h)(x) = eiφN (x)/h
( L−1∑
j=0
hjaNj (x) + h
LRNL (x, h)
)
,
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where each aNj ∈ C∞c (Ω) depends on h only through N , and RNL ∈ C∞((0, 1]h,S(Rd)). If xN ∈ Ω
is N -admissible, and defines a sequence (xk), k = N, ..., 1, then
|aN0 (xN )| =
( N∏
k=1
χik(x
k, φ′k(x
k))|det dgk(xk)| 12
)
|a(x0)|,
otherwise aNj (x
N ) = 0, j = 0, ..., L− 1. We also have the bounds
‖aNj ‖C`(Ω) ≤ Cj,`JN (N + 1)`+3j‖a‖C`+2j(Ω), j = 0, ..., L− 1, ` ∈ N, (61)
‖RNL ‖L2(Rd) ≤ CL‖a‖C2L+d(Ω)(1 + C0h)N
N∑
k=1
Jkk
3L+d, (62)
‖RNL ‖C`(Rd) ≤ CL,lh−d/2−`‖a‖C2L+d(Ω)(1 + C0h)N
N∑
k=1
Jkk
3L+d. (63)
The constants Cj,`, C0 and CL depend on the constants in (60) and on the operators {Sj}Jj=1.
We shall mainly be using this proposition in the case where for all k, we have Dk ≤ ν < 1. In
this case, the estimates (61), (62) and (63) imply that for any ` ∈ N, there exists C` independent
of N such that for any N ∈ N, we have
‖aN‖C` ≤ ‖aN0 ‖C`
(
1 + C`h
)
. (64)
4.4 Microlocal partition
We take a partition of unity
∑
b∈B pib such that :∑
b∈B
pib(x) ≡ 1 for all x ∈ Eδ′ ,
and supp(pib) ⊂ Vb ⊂ Eδ for all b ∈ B.
For b ∈ B1 ∪B2, we set Πb := Oph(pib). We have
WFh(Πb) ⊂ Vb ∩ Eδ, and Πb = Π∗b .
We then set
Π0 := Id−
∑
b∈B1∪B2
Πb.
We can decompose the propagator at time t0 into:
U˜(t0) =
∑
b∈B
U˜b, where U˜b := Πbe
it0/hU(t0).
The propagator at time Nt0 may then be decomposed as follows:
U˜(Nt0) =
∑
β∈BN
U˜β , (65)
where U˜β := U˜βN−1 ◦ ... ◦ U˜β0 .
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4.5 Hyperbolic dispersion estimates
We will use the following hyperbolic dispersion estimate, coming from [NZ09, Proposition 6.3]. the
proof of which can be found in [NZ09, Section 7].
Lemma 18 (Hyperbolic dispersion estimate). Let M > 0 be fixed. There exists a h0 > 0 and a
C > 0 such that for any 0 < h < h0, for any N < M log(1/h), for any β ∈ BN1 , we have
‖U˜β‖L2→L2 ≤ Ch−d/2(1 + 0)N
N∏
j=1
exp
[1
2
St0(Vβj )
]
. (66)
5 Proof of Theorem 5
Proof. Having introduced these different tools, we may now come back to the proof of Theorem 5.
5.1 Decomposition of χEh
Let χ ∈ C∞c (X) be as in Lemma 16. We may suppose Tχ ≤ t0. Then, by equation (55), we have:
χEh = (χU˜(t0))
Nχt0Eh +
N∑
k=1
(χU˜(t0))
k(1− χ)χt0E0h +O(h∞), (67)
where the cut-off function χt0 ∈ C∞c (X) is such that
dX(supp χ, supp(1− χt0)) > 2|t0|,
where dX denotes the Riemannian distance on X.
We shall require the following lemma. The proof of (i) is the same as that of Lemma 5, while
the proof of (ii) essentially follows from point (3) of Hypothesis 1.
Lemma 19. (i) There exists Nχ ∈ N such that for any N ∈ N if ρ ∈ supp(χt0) and ΦN (ρ) ∈
supp(χ), then for any Nχ ≤ k ≤ N −Nχ, we have Φkt0(ρ) ∈ Vb for some b ∈ B1 ∪B2.
(ii) If ρ ∈ E is such that Φkt0(ρ) ∈ V0 for some k ∈ N, but Φ(k+1)t0(ρ) ∈ Vb for some b ∈ B1∪B2,
then Φk
′
(ρ) is in DE− (and hence in V0) for any k′ ≤ k.
From Lemma 19, we deduce that for any k ≥ 2Nχ + 2, we have
(χU˜(t0))
k =
Nχ+1∑
l=0
(χU˜(t0))
Nχ+1
( ∑
β∈Bk−2Nχ−2+l
U˜β
)(
χU˜0
)Nχ−l
+OL2→L2(h∞). (68)
For any N ∈ N\{0}, define BN ⊂ (B1 ∪B2)N by:
BN :=(B1 ∪B2)N if N ≤ 2N ′uns + 2,
BN :=(B1 ∪B2)N ′uns+1BN−2N
′
uns−2
1 (B1 ∪B2)N
′
uns+1 otherwise.
(69)
Lemma 20. For any N ≥ 2N ′uns + 2, for any β ∈ (B1 ∪B2)N\BN , we have
‖U˜β‖L2→L2 = O(h∞).
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Proof. Let β ∈ (B1∪B2)N\BN . Then there exists N ′uns+2 ≤ k ≤ N −N ′uns+2 such that βk ∈ B2.
Recall from Remark 15 that N ′uns is such that for any ρ ∈ Vβk , we have ΦN
′
unst0(ρ) ∈ V0\
(⋃
b∈B2 Vb
)
or Φ−N
′
unst0(ρ) ∈ V0\
(⋃
b∈B2 Vb
)
. The result then follows from Lemma 13.
Equation (68) may then be rewritten as
(χU˜(t0))
k =
Nχ+1∑
l=0
(χU˜(t0))
Nχ+1
( ∑
β∈Bk−2Nχ−2+l
U˜β
)(
χU˜0
)Nχ−l
+OL2→L2(h∞) (70)
By summing over k and reordering the terms, we get, for any K > 2Nχ + 3N
′
uns + 4
K∑
k=0
(χU˜(t0))
k =
(K−3N ′uns−Nχ−4)∑
n=1
Nχ+1∑
l=0
(χU˜(t0))
Nχ+1
( ∑
β∈Bn+RN′uns+2
U˜β
)(
χU˜0
)l
−
(K−3N ′uns−Nχ−4)∑
n=K−2Nχ−2
(K−3N ′uns−Nχ−4−n)∑
l=0
(χU˜(t0))
Nχ+1
( ∑
β∈Bn+3N′uns+2
U˜β
)(
χU˜0
)l
+
3N ′uns+Nχ+3∑
l=0
(
χU˜(t0)
)l
+OL2→L2(h∞).
(71)
Let us note that from Lemma 14 and Hypothesis 3, for each 0 ≤ l ≤ Nχ, there exists χl ∈
Scomp(X) such that (
χU˜0
)Nχ−l
(1− χ)χt0E0h = χlE0h +O(h∞). (72)
Let us introduce the notation
χ :=
Nχ+1∑
l=0
χl. (73)
Thanks to equation (71), we can study the different terms in equation (67). The first term in
the right hand side of (67) may be bounded by the following lemma.
Lemma 21. Let r > 0. We may find a constant Mr ≥ 0 such that for any M > Mr, for any
Mr| log h| ≤ N ≤M | log h|, we have:
‖(χU˜(t0))Nχt0Eh‖L2 = O(hr).
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Proof. We use (70), Lemma 18 and the topological pressure assumption to obtain:∥∥(χU˜(t0))Nχt0Eh∥∥L2 ≤ C∥∥∥ ∑
β∈BN−2Nχ−2
U˜βχt0Eh
∥∥∥+O(h∞)
≤ C
∑
β∈BN−2Nuns−2Nχ−41
∥∥U˜βχt0Eh∥∥
≤ Ch−d/2(1 + 0)N
∑
β∈BN−2Nuns−2Nχ−41
N−2Nuns−2∏
j=1
exp
[1
2
St0(Vβj )
]∥∥χt0Eh∥∥
≤ Ch−d/2(1 + 0)N
( ∑
b∈B1
exp
[1
2
St0(Vb)
])N∥∥χt0Eh∥∥
≤ Ch−d/2(1 + 0)N exp{Nt0(P(1/2) + 2N0)}
∥∥χt0Eh∥∥.
By assumption, Eh is a tempered distribution, so that ‖χt0Eh‖L2 ≤ C/hr
′′
. Therefore∥∥∥(χU˜(t0))Nχt0Eh∥∥∥
L2
≤ Ch−r′′−d/2− exp{Nt0(P(1/2) + 2N0)},
for some small . The lemma follows by taking Mr large enough.
Using Lemma 21, and equation(71), we may rewrite equation (67) as
χEh =
Mr| log h|∑
n=1
Nχ+1∑
l=0
(χU˜(t0))
Nχ+1
( ∑
β∈Bn+3N′uns+2
U˜β
)(
χU˜0
)l
(1− χ)χt0E0h
−
Mr| log h|∑
n=Mr| log h|−Nχ
Mr| log h|−Nχ−2−n∑
l=0
(χU˜(t0))
Nχ+1
( ∑
β∈Bn+3N′uns+2
U˜β
)(
χU˜0
)l
(1− χ)χt0E0h
+
3N ′uns+Nχ+3∑
l=0
(
χU˜(t0)
)l
(1− χ)χt0E0h +OL2(hr).
The second term may be bounded by O(hr) thanks to Lemma 21. By using equations (72) and
(73), we get
χEh =
Mr| log h|∑
n=1
(χU˜(t0))
Nχ+1
( ∑
β∈Bn+3N′uns+2
U˜β
)
χE0h
+
3N ′uns+Nχ+3∑
l=0
(
χU˜(t0)
)l
(1− χ)χt0E0h +OL2(hr)
(74)
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5.2 Evolution of the WKB states
5.2.1 Construction of B˜0
From now on, we fix b ∈ B1 and r > 1. We may write
UbΠb
3N ′uns+Nχ+3∑
l=0
(
χU˜(t0)
)l
(1− χ)χt0E0h =
Nχ+3N
′
uns+3∑
l=0
∑
β∈Bl
UbΠbUχβ (1− χ)χt0E0h, (75)
where we have used the notation
Uχβ = χU˜βlχ...χU˜β0 . (76)
Note that each of the UbΠbUχβ is a Fourier Integral Operator from L2(X) to L2(Rd). Thanks to
Corollary 2, we may use Lemma 14 to describe the action of each of these Fourier Integral Operators
on the Lagrangian state (1− χ)χt0E0h. If we denote by B˜0 the set
⋃Nχ+3N ′uns+3
l=0 B
l, we may write
UbΠb
Nχ+3N
′
uns+3∑
l=0
(
χU˜(t0)
)l
(1− χ)χt0E0h =
∑
β∈B˜0
e0,β,b, (77)
where e0,β,b(y
b) = eφ0,β,b(y
ρb )/ha0,β,b(y
ρb ;h), with a0,β,b and φ0,β,b as in the statement of Theorem
5.
Let us now consider the other terms on the right-hand side of equation (74), which will be
indexed by B˜n, n ≥ 1.
5.2.2 Evolution in the intermediate region
Let n ≥ 1. and let β ∈ Bn+3N ′uns+2. By definition of Bn+3N ′uns+2, we have βi ∈ B1 for N ′uns + 1 ≤
i ≤ n+ 2N ′uns + 1.
According to Theorem 3, Φ
2N ′uns+1,t0
β (L0) consists of a single Lagrangian manifold, which is
γuns-unstable in the symplectic coordinates in Vβ2N′uns+1
.
Therefore, we may say that U˜β0...β2N′uns+1
(
χE0h
)
is a Lagrangian state associated to the La-
grangian manifold Φ
2N ′uns+1,t0
β (L0). Thanks to Lemma 17, we may use Lemma 14, to write:
(Uβ2N′uns+1Πβ2N′uns+1U˜β0...β2N′uns+1(χE0h))(yρβ2N′uns+1 ) = a(yρβ2N′uns+1 ;h)eiφ(yρβ2N′uns+1 )/h
for some a ∈ Scomp(Rd).
5.2.3 Propagation of Lagrangian states close to the trapped set
To lighten the notations, let us write nˆ := n+ 2N ′uns + 1.
For each 2N ′uns + 1 ≤ k ≤ nˆ, we write
Tβk′+1,βk′ := Uβk′+1U˜βk′+1U∗β′k .
Tβk′+1,βk′ is an operator quantising the map κβk′ ,βk′+1 obtained by expressing Φ
t0 in the coor-
dinates (yβk′ , ηβk′ ) 7→ (yβk′+1 , ηβk′+1). It is of the form (59).
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We will write
T
2N ′uns+1,nˆ
β := Tβnˆ,βnˆ ◦ ... ◦ Tβ2N′uns+2,β2N′uns+1 .
Thanks to Remark 16, we may apply Proposition 2 to describe the action of T
2N ′uns+1,nˆ
β on the
Lagrangian state Uβ2N′uns+1U˜β0...β2N′uns+1
(
χE0h
)
. Note that
T
2N ′uns+1,nˆ
β Uβ2Nuns+1U˜β0...β2Nuns+1 = UβnˆU˜β0...βnˆ
We obtain that Uβnˆ+1Πβnˆ+1U˜β0...βnˆ
(
χE0h
)
) = enˆ,β , with
enˆ,β(y) = a
nˆ,β(y)eiφnˆ,β(y)/h, y ∈ Rd. (78)
In the notations of Section 4.3, we have by Remark 16 that for any N ′uns + 1 ≤ k′ ≤ nˆ Dk′ =
ST (Vβk′ )
(
1 +O(p)
)
< 1. We therefore set
JβN′uns+1...βnˆ
:=
nˆ∏
k′=Nuns+1
(
St0(Vβk′ )
(
1 +O(p)
))
. (79)
Thanks to equation (61) in Proposition 2 and equation (64), we obtain for any ` ∈ N:
‖anˆ,β‖C` ≤
(
1 + C`h
)
C ′`JβN′uns+1...βnˆ(nˆ+ 1)
`, (80)
for some constants C`, C
′
`.
5.2.4 End of the propagation
Using equation (74) and the results of the previous subsection, we have
χEh =
Mr| log h|∑
n=1
(χU˜(t0))
Nχ+1
( ∑
β∈Bn+3N′uns+2
U˜βnˆ...βnU∗βnˆenˆ,β
)
+
Nχ+3N
′
uns+3∑
l=0
(
χU˜(t0)
)l
(1− χ)χt0E0h +OL2(hr),
(81)
with
UbΠb
Nχ+3N
′
uns+3∑
l=0
(
χU˜(t0)
)l
(1− χ)χt0E0h =
∑
β∈B˜0
e0,β,b.
To finish the proof, we have to apply UbΠb(χU˜(t0))Nχ+1U˜βnˆ...βnU∗βnˆ to enˆ,β .
To do this, one should once again decompose the propagator, and study∑
β′∈BNχ+1
UbΠbUχβ′U˜βnˆ...βnU∗βnˆenˆ,β , (82)
with Uχβ′ as in (76). To analyse each of the terms on the right-hand side of (82), we use once again
Lemma 14 (the lemma may be applied, thanks to Theorem 3 and to Lemma 17).
44
We obtain that
UbΠbUχβ′U˜βnˆ...βnU∗βnˆenˆ,β(y) = an,β,β
′
(y)eiφn,β,β′ (y)/h, y ∈ Rd, (83)
and thanks to equation (80), we get
‖an,β,β′‖C` ≤
(
1 + C`h
)
C ′`JβN′uns+1...βnˆ(nˆ+ 1)
`, (84)
for some constants C`, C
′
`.
For any n ≥ 1, we write
B˜n = Bn+3N ′uns+2 ×BNχ+1. (85)
As announced, the cardinal of B˜n grows exponentially with n. If β = (β′, β′′) ∈ B˜n with β ∈
Bn+2N ′uns+1, we define
an,β,b = a
Nn+2Nχ+2,l,β,β
′
φn,β,b = φNn+2Nχ+2,l,β,β′ .
With these notations, combining (81) with (83) gives us the decomposition (51).
The key point to obtain estimate (52) is to notice that for any N ≥ N ′uns + 1, we have thanks
to (58)
∑
βN′uns+1...βNˆ∈B
N−N′uns−1
1
JβN′uns+1...βNˆ
=
( ∑
b∈B1
St0(Vb)
(
1 +O(p)
))N−N ′uns−1
≤ exp
[
(N −N ′uns − 1)(t0P(1/2)
(
1 +O(p)
)]
.
(86)
By applying (86) for N = Nn+2Nχ+2,l, and combining it with (84), we get (52).
Note that, although the statement of Theorem 5 describes the generalized eigenfunctions Eh
only very close to the trapped set, equation (81) can be used to describe Eh in any compact set,
though in a less explicit way.
Using the estimate (52) as well as the fact that ‖χU˜(t0)‖L2→L2 ≤ 1 and ‖Ub‖L2→L2 ≤ 1, we
deduce Theorem 1.
6 Semiclassical measures
The main ingredient in the proof of Corollary 1 is non-stationary phase. Let us recall the estimate
we will use, and which can be proven by integrating by parts.
Let a, φ ∈ Scomp(X). We consider the oscillatory integral:
Ih(a, φ) :=
∫
X
a(x)e
iφ(x,h)
h dx.
Proposition 3. Let  > 0. Suppose that there exists C > 0 such that, ∀x ∈ spt(a),∀0 < h < h0,
|∂φ(x, h)| ≥ Ch1/2−. Then
Ih(a, φ) = O(h
∞).
45
We shall only give a sketch of proof here, and refer to [Ho¨r, §7.7] for more details.
Sketch of proof. To prove this result, we simply integrate by parts, noting that
Ih(a, φ) =
h
i
∫
X
a
|∂φ|2 ∂φ · ∂(e
iφ(x,h)
h )dx.
Hence, when we integrate by parts, the worst term in the integrand will involve second derivatives
of φ times h|∂φ|2 , and will therefore be a O(h
2) by assumption. By integrating by parts more times,
we will gain a factor h2 every time, so that Ih(a, φ) is actually a O(h
∞).
Note that the sketch of proof above tells us that, if we could say that when ∂φ(x, h) is small,
then the higher derivatives of φ are small as well, i.e., if we had
∀k ≥ 2,∃Ck such that |∂kφ(x, h)| ≤ Ck|∂φ(x, h)|,
then we would have Ih(a, φ) = O(h
∞) provided |∂φ(x, h)| ≥ Ch1−. However, it is not clear that
we can estimate the higher derivatives of the phase functions which appear in this section.
6.1 Distance between the Lagrangian manifolds
To take advantage of Proposition 3, we need a lower bound on the distance between the Lagrangian
manifolds which make up Φn,t0(L0)∩Vb. To prove such a lower bound, let us first state an elementary
topological lemma.
Lemma 22. There exists c0 > 0 such that for any ρ, ρ
′ ∈ T ∗X0 ∩ E such that d(ρ, ρ′) < c0, there
exists b ∈ B such that ρ, ρ′ ∈ Vb.
Proof. Suppose for contradiction that for any  > 0, there exists ρ, ρ
′
 such that d(ρ, ρ
′
) <  and
such that for all b ∈ B such that ρ ∈ Vb, we have y /∈ Vb. By compactness of T ∗X0 ∩ E , we may
suppose that ρ converges to some ρ. We then have ρ
′
 −→ x, and if b ∈ B is such that ρ ∈ Vb, then
and ρ, ρ
′
 ∈ Vb for  small enough, a contradiction.
We may now state our lower bound on the distance between the Lagrangian leaves which make
up Φn,t0(L0) ∩ Vb.
Let N ∈ N, β ∈ BN and b ∈ B1. The set Φn,t0β (L0) ∩ Vb may be written in the form
{(yρb , ∂φ˜n,β,b(yρb)}, for some smooth function φ˜N,β,b.
For any β ∈ BN ,β′ ∈ BN ′ , let us denote by σ(β, β′) := max(N − τ(β), N ′ − τ(β′)), with τ(β)
defined as in (17).
Proposition 4. There exist constants C ′1, C
′
2 > 0 such that for any N,N
′ ∈ N, for any β ∈
BN , β′ ∈ BN ′ , for any b ∈ B1 and for any yρb , we have either ∂φ˜N,β,b(yρb) = ∂φ˜N ′,β′,b(yρb) or
|∂φ˜N,β,b(yρb)− ∂φ˜N ′,β′,b(yρb)| ≥ C ′1eC
′
2σ(β,β
′).
Proof. Since T ∗X0∩E is compact, we may find a constant C > 0 such that for any ρ, ρ′ ∈ E ∩T ∗X0,
d(Φt(ρ),Φt(ρ′)) ≤ eCtd(ρ, ρ′), (87)
where d is the distance on the energy layer which we introduced in section 2.1.2.
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Let b ∈ B1, and yρb ∈ Dβ,b ∩Dβ′,b be such that ∂φ˜N,β,b(yρb) 6= ∂φ˜N ′,β′,b(yρb). Let us denote by
ρ the point (yρb ; ∂φ˜N,β,b(y
ρb)) and by ρ′ the point (yρb ; ∂φ˜N ′,β′,b(yρb)).
We claim that there exists 0 ≤ k ≤ σ(β, β′) such that for each b′ ∈ B, if Φ−kt0(ρ) ∈ Vb′ ,
then Φ−kt0(ρ′) /∈ Vb. Indeed, if no such k existed, then for each k, there would exist bk ∈ B
such that Φ−kt0(ρ) ∈ Vbk and Φ−kt0(ρ′) ∈ Vbk for each 0 ≤ k ≤ σ(β, β′). We would then have
ρ ∈ Φmax(N,N ′),t0β′′ (L0) and ρ′ ∈ Φmax(N,N
′),t0
β′′ (L0) for some sequence β′′ built by possibly adding
some 0’s in front of the sequences β and β′. This would contradict the statement of Corollary 2.
Thanks to Lemma 22, we deduce from this that there exists 0 ≤ k ≤ σ(β, β′) such that
d(Φ−kt0(ρ),Φ−kt0(ρ′)) ≥ c0. Combining this fact with equation (87), we get
d(ρ, ρ′) ≥ c0e−Cσ(β,β′)
Using the fact that all metrics are equivalent on a compact set, we may compare d(ρ, ρ′) with
|∂φ˜N,β,b(yρb)− ∂φ˜N ′,β′,b(yρb)| and we deduce from this the proposition.
Using the definition of B˜n, we deduce the following result about the functions φn,β,b in the
statement of Theorem 5.
Corollary 3. There exist constants C ′1, C
′
2 > 0 such that for any n, n
′ ∈ N, for any β ∈ B˜n, β′ ∈
B˜n′ , for any b ∈ B1 and for any yρb , we have either ∂φn,β,b(yρb) = ∂φn′,β′,b(yρb) or
|∂φn,β,b(yρb)− ∂φn′,β′,b(yρb)| ≥ C ′1eC
′
2 min(n,n
′).
6.2 Proof of Corollary 1
We shall now prove Corollary 1, which we recall.
Corollary 4. There exists a constant 0 < c ≤ 1 and functions en,β,b for n ∈ N, β ∈ B˜n and b ∈ B1
such that for any a ∈ C∞c (T ∗X) and for any χ ∈ C∞c (X), we have
〈Oph(pi2ba)χEh, χEh〉 =
∫
T∗X
a(x, v)dµb,χ(x, v) +O(h
c),
with
dµb,χ(κ
−1
b (y
ρb , ηρb)) =
∞∑
n=0
∑
β∈B˜n
en,β,b(y
ρb)δ{ηρb=∂φj,n(yρb )}dy
ρb ,
The functions en,β,b satisfy the estimate (52).
Proof. Take any small  > 0, and set
M :=
1
2C ′2
− ,
c := (M − )P(1/2) = P(1/2)
2C ′2
− 
where C ′2 comes from Corollary 3.
47
Let a ∈ C∞c (T ∗X), χ ∈ C∞c (X) and b ∈ B1. Using the fact that Oph(ab) = Oph(a)Oph(b) +
OL2→L2(h) for any a,b ∈ Scomp(X), the self-adjointness of Πb, and the unitarity of Ub on the
micro-support of Πb, we see that we have
〈Oph(pi2ba)χEh, χEh〉L2(X) = 〈Oph(a)ΠbχEh,ΠbχEh〉L2(X) +O(h)
= 〈UbOph(a)U∗b UbΠbEh,UbΠbχEh〉L2(X) +O(h).
Now, using Egorov’s Theorem ([Zwo12, Theorem 11.1]), we know that
UbOph(a)U∗b UbΠb = Oph(ab)UbΠb +OL2(X)→L2(Rd)(h∞),
where ab = a ◦ κb +OL2(h). Using decomposition (51), we have
〈Oph(pi2ba)χEh, χEh〉L2(X)
=
bMc| log h|c∑
n=0
∑
β∈B˜n
〈
Oph(ab)
[
eiφn,β,b/han,β,b
]
,
bMc| log h|c∑
n′=0
∑
β′∈B˜n′
eiφn′,β′,b/han′,β′,b
〉
+O(hc),
(88)
But thanks to estimate (52),
bMc| log h|c∑
n=0
∑
β∈B˜n
eiφn,β,b/han,β,b =
bM | log h|c∑
n=0
∑
β∈B˜n
eiφn,β,b/han,β,b +OL2(h
c),
so that
〈Oph(pi2ba)χEh, χEh〉L2(X)
=
bM | log h|c∑
n=0
∑
β∈B˜n
〈
Oph(ab)
[
eiφn,β,b/han,β,b
]
,
bM | log h|c∑
n′=0
∑
β′∈B˜n′
eiφn′,β′,b/han′,β′,b
〉
+O(hc),
(89)
We now want to fix a n ≤M |logh| and a β ∈ B˜n, and to analyse the behaviour of
〈
Oph(ab)
[
eiφn,β,b/han,β,b
]
,
bM | log h|c∑
n′=0
∑
β′∈B˜n
eiφn′,β′,b/han′,β′,b
〉
.
Let us denote by Yn′,β′ = {yρb ∈ spt(φn,β,b) ∩ spt(φn′,β′,b); ∂φn′,β′,b(yρb) = ∂φn,β,b(yρb)}. We
have 〈
Oph(ab)
[
eiφn,β,b/han,β,b
]
, eiφn′,β′,b/han′,β′,b
〉
=
∫
Yn′,β′
(
Oph(ab)
[
eiφn,β,b/han,β,b
])
(yρb)eiφn′,β′,b(y
ρb )/han′,β′,b(y
ρb ;h)dyρb
+
∫
Rd\Yn′,β′
(
Oph(ab)
[
eiφn,β,b/han,β,b
])
(yρb)eiφn′,β′,b(y
ρb )/han′,β′,b(y
ρb ;h)dyρb .
(90)
Recall that the integrals are well defined, because the phase functions are well-defined in a
neighbourhood of the functions an,β,b.
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The second term on the right hand side of (90) is a O(h∞). Indeed, the image of a Lagrangian
state by a pseudo-differential operator is still a Lagrangian state with the same phase. Therefore,
we are computing scalar products between Lagrangian states with respective phases φn,β,b and
φn′,β′,b.
Now, by the choice of M , and by Corollary 3, we know that for each yρb ∈ Rd\Yn′,β′ we have
|∂φn,β,b(yρb)−∂φn′,β′,b(yρb)| ≥ Ch1/2+ for some C,  > 0. Hence by Proposition 3, we deduce that
the second term on the right hand side of (90) is a O(h∞).
We should now try to understand the properties of the set Yn′,β′ .
First of all, Yn′,β′ is an open set. Indeed, if y
ρb ∈ Yn′,β′ , this means that the point ρ =
(yρb , ∂φn,β,b(y
ρb)) (in the coordinates centred at ρb) belongs to Φ
n,t0
β (L0) as well as to Φn
′,t0
β′ (L0)
in the notations of Proposition 4. Suppose for simplicity that n = n′ (the general case works the
same). Then the condition yρb ∈ Yn′,β′ simply means that at each intermediate time k, Φn−k(ρ)
was both in Vβk and in Vβ′k . This clearly an open condition.
On the other hand, by continuity of the phase functions, Yn′,β′ is a closed set. Therefore, Yn′,β′
consists of a certain number of connected components of the support of φn′,β′ .
We know that the support of an′,β′,b is included in the domain of definition of φn′,β′,b. Therefore,
some of the connected components of spt(an′,β′,b) may be included in Yn′,β′ , while others are
included in Rd\Yn′,β′ , but none of them may intersect both sets. Therefore, if we set an,βn′,β′,b(yρb) =
an′,β′,b(y
ρb) if yρb ∈ Yn′,β′ , 0 otherwise, then an,βn′,β′,b ∈ S, and we have
〈
Oph(ab)
[
eiφn,β,b/han,β,b
]
,
bM | log h|c∑
n′=0
∑
β′∈Bn
eiφn′,β′,b/han′,β′,b
〉
=
∫
Rd
(
Oph(ab)
[
eiφn,β,b/han,β,b
])
(yρb)e−iφn,β,b(y
ρb )/h
( bM | log h|c∑
n′=0
∑
β′∈Bn
an,βn′,β′,b
)
(yρb)dyρb .
Let us write
a˜n,β,b :=
bM | log h|c∑
n′=0
∑
β′∈Bn
an,βn′,β′,b.
a˜n,β,b(y
ρb) is the sum of all the symbols in the expansion (51) having phase φn,β,b(y
ρb). We see by
the estimates (52) that a˜n,β,b satisfies the estimates (52) itself, and that〈
Oph(ab)
[
eiφn,β,b/han,β,b
]
,
bM | log h|c∑
n′=0
∑
β′∈Bn
eiφn′,β′,b/han′,β′,b
〉
=
∫
Rd
(
Oph(ab)
[
eiφn,β,b/han,β,b
])
(yρb)e−iφn,β,b(y
ρb )/ha˜n,β,b(y
ρb)dyρb +O(h∞).
We may then compute this expression using stationary phase, just as to compute the semiclassical
measure of a Lagrangian state (see [Zwo12, §5.1]). We obtain〈
Oph(ab)
[
eiφn,β,b/han,β,b
]
,
bM | log h|c∑
n′=0
∑
β′∈Bn
eiφn′,β′,b/han′,β′,b
〉
=
∫
R2n
abdµn,β,b,
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where
dµn,β,b = an,β,b(y
ρb)a˜n,β,b(yρb)δ{ηρb=∂φn,β,b(yρb )}dy
ρb .
Summing over all n, β and using equation (89), we obtain indeed that
〈Oph(pi2ba)Eh, Eh〉 =
∫
T∗X
a(x, ξ)dµb,χ(x, ξ) +O(h
c),
with (κb)
∗µb,χ =
∑∞
n=0
∑
β∈Bn µn,β,b, that is to say
dµb,χ(κ
−1
b (y
ρb , ηρb)) =
∞∑
n=0
∑
β∈Bn
en,β,b(y
ρb)δ{ηρb=∂φn,β,b(yρb )}dy
ρb ,
where en,β,b(y
ρb) := limh→0
(
an,β,ba˜n,β,b
)
(yρb). This concludes the proof of Corollary 1.
6.3 Construction of the measure µξ
In the introduction we defined the measure µξ by∫
T∗Rd
adµξ := lim
t→∞
∫
T∗Rd
a ◦ Φtdµξ0,
for any a ∈ C0c (T ∗Rd). We will now give a sketch of the proof of why the hyperbolicity and
transversality hypotheses, along with the assumption that P(1) < 0, imply that the above limit
exists.
Note that the assumption P(1) < 0 is really less restrictive than P(1/2) < 0. For instance, if
we assume that the flow (Φt) is Axiom A, that is to say, that the periodic orbits are dense in K,
then [Bow75, §4.C] guaranties us that P(1) < 0.
Note that, if a is non-negative, then t 7→ ∫
T∗Rd a◦Φtdµξ0 is non-decreasing, so that we only have
to show that this quantity is bounded.
If µ is a measure, we define Φt∗µ by∫
T∗Rd
ad(Φt∗µ) :=
∫
T∗Rd
a ◦ Φtdµ.
If pi ∈ C∞(T ∗Rd; [0, 1]) we define the measure piµ by∫
T∗Rd
ad(piµ) :=
∫
T∗X
apidµ.
Remark 17. Note that if µ is the semiclassical measure associated to a Lagrangian state φh,
then piµ is the semiclassical measure associated to
√
piφh, and, by Egorov’s theorem, Φ
t
∗µ is the
semiclassical measure associated to U(t)φh.
We shall use the functions pib from section 4.4. If β ∈ Bn, we set
Φβµ := piβnΦ
t0∗
(
...piβ2Φ
t0∗
(
piβ1Φ
t0∗ µ
))
.
Let φh be a Lagrangian state associated to a Lagrangian manifold which is γ-unstable in the
coordinates (yρ, ηρ), and let µ be the semiclassical measure associated to φh. The propagation Uβφh
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can be described using the methods of section 4.3 along with the results of section 2. In particular,
we obtain, like in [NZ09, (7.12)] that we may find C,  > 0 such that for all N ∈ N and all β ∈ BN1 ,
we have
‖Uβφh‖L2 ≤ C(1 + C)N
N∏
j=1
exp
[1
2
St0(Vβj )
]
.
We may deduce from this the following bound for the measure Φβµ. Note that this could also be
deduced directly from the transport equations for measures, without using Schro¨dinger propagators
and Egorov’s theorem.
For any a ∈ C0c (T ∗X), if β ∈ BN1 , we have that
〈Φβµ, a〉 ≤ C(a)(1 + C)N
N∏
j=1
exp
[
St0(Vβj )
]
.
By possibly taking the sets Vb smaller, we may ensure just like in section 4.1 that∑
b∈B1
exp{St0(Vb)} ≤ exp{t0(P(1) + )}.
Therefore, we obtain that∑
β∈BN1
〈Φβµ, a〉 ≤ C(a) exp
[−Nt0(P(1)− )]. (91)
If we assume that the flow (Φt) is Axiom A, that is to say, that the periodic orbits are dense in
K, then [Bow75, §4.C] guaranties us that P(1) < 0.
Now, we have that
ΦNt0∗ µ
ξ =
∑
β∈B˜N
Φβµ
ξ,
and we may use (91) along with the assumption that P(1) < 0 to show that, if a is non-negative,
t 7→ ∫
T∗Rd a ◦ Φtdµξ0 is bounded.
Showing that µξ is the semiclassical measure associated to Eh follows from [DG14, §5.1] (which
relies on Egorov’s theorem), along with estimate (47).
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